STOCHASTIC PATH INTEGRAL APPROACH TO FCS.
LECTURE 1: FORMALISM

EUGENE SUKHORUKOV
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1. Why current fluctuates?

2. How strong fluctuations ar e?

3. Can we use current noise?

References. Pilgram, Jordan, Sukhorukov, Biittiker, Phys. Rev. Lett.( 2003)
Jordan, Sukhorukov, Pilgram, J. Math. Phys. 45, 4386 (2004)
Jordan, Sukhorukov, Phys. Rev. Lett. 93, 260604 (2004)




CLASSICAL VS QUANTUM THEORY OF NOISE

QUANTUM THEORY: CLASSICAL THEORY:

e scattering formalism, RMT e Boltzmann-Langevin equation

e Keldysh technique vap"‘Iimp[fp] — JS

e Non-linear c-model

— _
~

All theories give the same answers if N > 1

= quantum phase effects are not important

SYSTEMS: COMPLETE

e Diffusive conductors CLASSICAL THEORY OF

. . TRANSPORT WAS MISSING
e Chaotic cavities

e SN and SNS systems - SPI formalism

Review: Blanter, Bittiker, Phys. Rep. 336, 1 (2000)



OUTLINE OF LECTURE 1

Introduction to noise, motivation.
Stochastic network: Basic requirements.
Langevin equations.

Stochastic Path Integral.

Field theory: Diffusive wire.
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Relation to standard methods.



SIMPLE INTRODUCTION TO NOISE

Current fluctuations:

>
t
Correlation function:
1 7
ty == [ dt'sI(t' +t)sI1(¢
S@) == [ atsI(t +3I(E)  S(t)
= (61(¢)61(0)), 70 t
where (...) - statistical average.
not easy
Noise power: S = [dtS(t) tomeasure Markovian noise!
_ -1 [7 oy 2
s=171 [ dEI(D1(0)) = # - 70((61(0))?) Q) = (D)

S = 7‘_1 //07' dtldt2<51(t1)5l(t2)> = <(5Q)2>/T <(5Q)2> =75




ELECTRON TRANSPORT — RANDOM PROCESS

Binomial probability game:
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Py(n) = WT"(l —T)N-n
— distribution of transmitted charge

\/ Moment generator:
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00000 i 00000> M) = S PN(n)eAn

H2

~ M(0)=1, M'(0)=(n)

Binomial statistics:

use (CL + b)N = Z?’L m&nbN_n

= M(A) = Yo ey oyr B (e N
= [M(\) = (R4 TeM)V. Examples:
Normalization: (n) = M'(0) =

M©)=(R+T)V =1. (n2) = M"(0) = NT + N(N — 1)T2,

={(6n)2) = NT(1 - T)




CUMULANTS OF CURRENT
— In general:
11 R + — T
i [1o ((n"")) = V' In[M (N)]|x\=0 — cumulants

IN[M(\)] = NIn[1+T(e* — 1)]

00000 i 00000 Noise correlators:

ffffffff

RN (1) = (n) /7 = QT

where 2 = N/7 - attempt frequency

S = ((6n)?)/T =QT(1 -T) = (I)(1 - T)

= Fano factor:|S/{(I[) =1 —T,

= Low transmission — Poissonian limit.

Cumulant generator:

(I'")) = ((n")) /7 = ' H(N)| =0,
where H(A\) = (1/7) In[M(N\)] ={QIn[1 + T(e* —1)]




NOTES ON BALLISTIC CONDUCTOR 1
/> l Poivt Cowhae t

Bt — I=TIg-T,
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Ressincal: 4 1, T, = e'Gsu (de (5. - #;}
= GsuV
Noise power:

da @ ToT'Y = €ITH+ LTS
Enarsy is consarvad =B E->» lat} |

wp EI.= E'ﬂEGiﬂg‘Fnﬁb

\_/ = EG-..-S:I-L-. I, = eAN 'TE '?l{i'j
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is tolal nuwbar of silet por af,
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NOTES ON BALLISTIC CONDUCTOR 2

Result:
|g = Gsu- (de (800 + 5 0-&}'_(‘

2 Gsy T > Hharmal (quih'hﬂulu'}
PO S8

n

A+ T=0, VZ0o =» éqtn;rq’:._; concluchpo

= T =GenV ‘
But ne roise S=0

= Scattening requived - quawtuw no: se

In general:
H(\) = Ggy [ de {ln [1 + £ (e — 1)} +1n [1 + fr(e™ — 1)}}
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L/l “NIGHT CLUB” PHYSICS

Jordan, E.S., Pilgram, J. Math. Phys. (2004)



BASIC REQUIREMENTS, NETWORK

1. Generalized charges are classical

2. Separation of time scales, 7o > 10

-  Fast fluctuating currents, {I°}, g

-  Slow fluctuating charges, {Q}, 7¢

3. Continuous charges <=>= large parameter

Examples:

Electrical circuit Mesoscopic cavity Series of cavities



NOTES ON LANGEVIN EQUATIONS 1

Relaxatiou dynawics:

Gu = F GupQ§ , A= {&= 3c)
P ,
%‘ -» conserved charges
aﬂ‘ N %E'%;qur:,
G =(gm Toa)> Somdortunes
E El-m.r‘!t couservalion
E Qs =0 & T G,=0
= Gu. <0
—i -
» Relaxakion, @¢(). exp{ & t&ie) > O
+ Stakomary state, Q@ceo, @ o0



NOTES ON LANGEVIN EQUATIONS 2

Fluetwatous : im. = Q.+30,
'Iur. =5 1—1,,,. + 'E:f-.-’,

Etrﬂtﬂ-'-m of + me scaleg
Sowrcg

=2 Lﬂ\-;glv'.u Ecl:

Tia

§{ dtides CORgp (48T, CaY) TTET D




NOTES ON LANGEVIN EQUATIONS 3

Exawple Cnight cleb):

G\)—-il'— b Qe

Langevin equations: Feed back, ( slow)

f.r--"

BQq = Ga 5Q ¥ STa

. & £luchatbiow
~-BQ.= GLEQ +3T, at Ew'l*v'hr-:
or ex it (fazi)

£Q = —(GL*GH.\JEQ =~ Ta+I,

§ t»r > 3&=0

o BT.-BIa . %én E'EII. Gu+ $1a-Go
TL+Gnm GL+ Gn,

§  using (BT 1Te\ =0

1 -
T . CGL‘I-G‘-)i

e — e
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Mesoscopic billiard

IL IR

Network representation

NOISE OF MESOSCOPIC BILLIARD

Noise sources:

(I#)) =GrTe, ((I3)) =Ggr1c,
where To = Ap fo(1 — fo)

Noise power:

GLG
(I%)) = G T, where G = Tl

Fano factor: F = fo(1 — fo).

Symmetric billiard: G; = Gp,

fo=1/2 = F=1/4.

£(E)
1
Y QL.

HR KL

Blanter & ES, PRL 84, 1280 (2000)



MESOSCOPIC BILLIARD: EXPERIMENT

Chaotic billiard in 2D electron system:

B ek 2DEG
am 7T F
AlGats Gaks
035 FT T T )
L —— hot electrons : \\ —~ G,=G, large
— coldel — G,=5'G, small
0'30 L cold electrons . \
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Oberholzer et al., PRL 86, 2114 (2001)



GENERALIZATION: STATISTICS OF SOURCES

Statistics of sources:

P(Q, At + At') = [dQ'P(Q — Q', At)P(Q', At)

Generators:
P(Q) = [ L exp[—iAQ + S(\, At)]
S(At+ A, N) = S(At,N) + S(AY,N)

— S=AtH — ((Q")) = At({I"))

Examples: H(X) = X {((I™M) (A"

Poissonian noise: H = (I)[e* — 1]

Binomial noise: H = ((I)/T) In[1 + T(e* — 1)]



GENERALIZATION: NETWORK EVOLUTION

Langevin equation:

0Qa =Yg GapdQs+ 25154
Solution:

r(Q,t) = [dQ'U(QQ, ) (Q',0)
U(QQ',t) = [PQDAexp{S(Q, A}

s@.N = [ A [ iAQH(1/2) S Hap(QF Aa—Ag)]
af

Hop = Yo ti({(Tag)™)Aa — Ag)"

(@ D)

A node is called | ¢JAt'NQY = —i [dt'QNA* + iN[Q(t) — Q*(0)]
“absorbing” If H
Is independent

of its charge. — In[U(A%)] — Cumulant generator

— N4 = const

@

Pilgram, Jordan, E.S., Buttiker, PRL (2003) Jordan, E.S., Pilgram, J. Math. Phys. (2004)



DERIVATION OF THE PATH INTEGRAL IN 4 STEPS

IL
1. Time discretization, Q. g = jﬁm dt'lIp p Q @ Qr X
Pr.r(Qr,r) = FT[exp(SL,R)]
2. Independent Markovian currents => Sj; rp = H gt
P(Q) =Ty /{dQL,R}PL[QL(tn)]PR[QR(tn)](S[Q—%: Qr(tn)]

3. Conservation of charge,

SQc(tn4+1)—Qc(tn)—QL(tn)+Qr(tn)l — Ao, X

4. Integrate out QL and QR, continuum limit.

exp[S(x,t)] = [ PQcDAc exp {f{;. dt'[—ideQc + H(x, Ac, QC.‘)]}

H(x, \c,Qec) = H (Mo, Qc)+ Hr(—Ac+x,Qc)
= "Hamiltonian"”

Pilgram, Jordan, E.S., Buttiker, PRL (2003) Jordan, E.S., Pilgram, J. Math. Phys. (2004)



SADDLE-POINT APPROXIMATION

Large parameter:

Equations of motion:

Stot(A?) =

Tc/T0 > 1

Stationary limit:

Dominates

_ OH

3C
Q _8/\07

OH
Q¢

t > 10 =

AC = Q¢ =0

Cumulant generator: Ssp =t - H(Q°, A°, \?),

where

anH = OpacH =0 = {QC,/_\C}.

Normalization:

If A=20

Pilgram, Jordan, E.S., Buttiker, PRL (2003)

= A¢=0

= H=0

Jordan, E.S., Pilgram, J. Math. Phys. (2004)



FULL COUNTING STATISTICS OF A BILLIARD

l, I
51
—> B u

M esoscopic billiard Network representation
The “Hamiltonian" . Reminder on FCS of point contact:

H(\) = GSHfds{In {1 + fr(et — 1)} +1n [1 + frle > — 1)]}
H(\¢) = H(Ac) + HrR(Ac + A), P

Hr, r(Ac) = G rAl {'n[l + fo(ero —1)] — ACfL,R}

Svymmetric billiard:

Saddle point: 0y, H =9, H =0

:>fC=1/2, S\C:O

=|Hsp = 4(I) [In(1 4 ¢*/2) — In2)]

= RMT result with F =1/4

Pilgram, Jordan, E.S., Buttiker, PRL (2003)



FIELD THEORY

Action: S = /dt Z{_Aoz@oz + H(Qo, Qa—1) Aa — Aa—1)}

Continuum limit:

1 2 N
H = h(p,\) A @-0—&—0—@

Qa — p(2)Az
Ga(A2)2 — D(p) Result:
SalAz — F(p) S=—Jdt[dz|\p+ DpN—3F(N)?|

Conservation law: ‘ S o
1. Conditional current: 7 = —D(p)p’ + F(p) N

invariance
under
2. Hamiltonian density: h = —D(p)p’)\’+(1/2)p(p)(>\/)2 2 translations

Jordan, E.S., Pilgram, J. Math. Phys. (2004) Bodineau, Derrida, PRL (2004)



TWO TERMINALS: UNIVERSALITY

Boundary conditions: at z =0 and z = L,

p(0) = pr, p(L) = pr, M(0) =0, ML) = x

Solution:

h = const =|S = tL - h(x).

Legendre transform = In[P(I)] = S(x) —tI - x.

Universality:

two terminal
Field theory|S = t [ dr [-VADVp+(1/2)VAFV ], conductor
where D=D(p)T, F=F(p)T, Vv T
s solved by p(r) = plel, A() = Al] - =y
where V - [F'Vo(r)] = 0 mapping! 1
—~|s = tG - H,|where G = [dr VTV, R S

Jordan, E.S., Pilgram, J. Math. Phys. (2004)



DIFFUSIVE WIRE

Reminder:
1/2 /SQZQGdefa(l_fa)
Action: S = (I)t / dz [—p' N + p(1 — p)(V)?]
~1/2 Y
Boundary conditions: 1£'T[JU] f?

pr, =1, pr=0, A, =0, Ap=x
Fano factor

Cumulant generator: / = (I?))/(I) = S"/8" = 1/3

Ssp(x) = (I)tarcsinh? [\/exp(x) — 1] 0

Occupation function:

o) = b1 - T2

—
=]
I
—

=]
2
th
T -

In P/ T Je)
Occupation, fl(z)

[=1
r
h

acoth(a) = 1/(I)

Jordan, E.S., Pilgram, J. Math. Phys. (2004)



SPI AND STANDARD METHODS

Master equation: / wesak transitions, W, 1

r(Q7 t) — f dQ, [W(Q7 Q/)F(le t)_W(le Q)r(Q7 t)]

= | [dQ [l QA — 1| w(Q,Q) = H(Q', A)

Fokker-Planck equation: / Gaussian noise
M(Q.t) = -VD(Q)r(Q,t)+(1/2)V2F(Q)r(Q,t)

= | H(Q,A) = D(Q)A + (1/2) F(Q)A?

G D)
Langevin equation: SPI V non-

j=-D(p)Vp+v, (v(r,t)v(0)) = 5()8(r)EF(p) :)ne::l;abdatl/il\//e

@

= | h=—D(p)VpVA+ (1/2)F(p)VAVA

Jordan, E.S., Pilgram, J. Math. Phys. (2004)



