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Abstract

This tutorial gives an overview over photoelectron counting statistics in quantum optics.
Many of the original ideas were developed in the 1950s and 1960s, and I will therefore start
with Mandel’s semiclassical counting formula that promotes a simple (short time) Fermi-
Golden rule calculation to a (long-time) probability distribution. Much of the tutorial will
be devoted to the quest for a quantum version of that formula, a quest that appears to
have had a great importance for the development of quantum optics as a whole and which
is characterised by the subtleties of theoretically describing sources, fields, and detectors
in a consistent manner. I will explain and in part (re)-derive in detail the approaches by
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Kelley/Kleiner [I], Scully/Lamb [2], and Ueda [3] whereby particular use is made of Scully
and Lamb’s photodetector model that describes the detector’s backaction on the field. I will
use a slightly modernised form of this model in order to briefly introduce calculational tools
such as quantum master equations and Glauber’s P-representation for single mode (cavity)
fields without sources, before moving on to the more intriguing case of multimode fields
with sources. I will then discuss practical questions such as how to obtain the counting
distribution p,(t,t + T') from simplified master equations involving only sources. Here,
motivated by single ion experiments, important contributions were made by several groups
in the 1980s that lead towards the quantum jump (quantum trajectory) approach which in
hindsight can be regarded as a ‘by-product’ of counting statistics. I will discuss resonance
fluorescence and its conceptual similarities with quantum transport, such as Cook’s early
use in 1981 [4] of counting variables and generating functions in his counting statistics
calculation.

Literature: introductory quantum optics texts such as Walls/Milburn [5] (some general
stuff, spontaneous emission, resonance fluorescence, P-representation, correlation functions
g and ¢ etc.) or Carmichael [6] (master equations, photodetection, quantum trajecto-
ries, cf. my own lecture notes on quantum dissipation http://theoserv.phy.umist.ac.uk/~brandes),
Mandel/Wolf [7]. Also parts of the original literature, in particular Scully and Lamb [2] (in-
troductory parts), Ueda [3] (part IIT), and Cook [4].
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Part 1
‘Photons’, detectors, and quantum
dissipation

1 Introduction

Overview: photons, photon-counting, fluctuations
e Counting photons, but...
e ...‘the eternal question: what is a photon’.
e ‘What is light 7’

Einstein 1951: ‘...these days every fool pretends to know what a photon is. 1 have been
thinking about this for the whole of my life, and I haven’t found the answer*.
...cavity mode H = wa'a, n-photon eigenstate |n).
...photon as gauge-boson of QED .



‘No photons’ for the photoelectric effect.

Quantum mechanics was discovered in its own classical limit.

e Big breakthrough: Hanbury Brown, Twiss experiment: intensity correlations, ‘photon

bunching’.

Correlation functions (a' creates cavity mode):

GYt+7) = (a'(®)alt+71))
GOt t+7) = (a'(®)alt +1)a(t +1)a(t)).

e But not yet a complete triumph for quantum optics...
Triumph came with resonance fluorescence: photon antibunching,
e Count photo-electrons instead of photons.

e Counting statistics: correct theory for

pn(t,t +T) probability for n photo-electrons in [t,t + T).
e Detector back-action. System-bath problem ‘with two baths’.

e ... no entirely trivial!

2 Photoelectric counting: classical field

2.1 Mandel formula
Semiclassical theory for p,(t,t+ 7): Mandel formula

Photodetector model: ionize single atom

e Classical electromagnetic field, vector potential A (r)e~ ™! + A*(r)e™".

= |E>

[
— IEO>

Probability p;(t,t + At) of one count: Fermi’s Golden Rule
) e 2
mte+80) = [ dE(E) (B pA®)E)] DaiE - By - )
0
= nl(r)At, I(r) = |A(r)|*(intensity).
e Dai(e) = ([sin %&?At]/[%é‘])z, At — 0. Polarisation A(r) = £A(r).

(2.1)



Mandel formula: many counts

How to obtain probability of n transitions p,(t,t + 1)

e Short-time probability p;(¢,t + At) = nl(r)At for single electron transition (nI(r) transi-

tion rate).

e Long-time probability of n transitions p,(t,t + T) < n electrons.

e Individual transitions are statistically independent...
e ~~ Poisson distribution.

e Characterized by average n only ~~
pn(t,t+T) = —e ", a=nl(r)T.

e Markovian master equation for probabilities. p,(t) = p,(0,1),

pa(t +dt) = pu(t) x [L—=nl(r)dt] + pn1(t) x nl(r)dt
d

(1) = nI(0)pn-1(t) = pu(0)]

e Generating function G(s,t) =Y 7 s"pp(t), 0,G(s,t) = nI(r)(s — 1)G(s, ).

e Solve with pp(0) =1, p,(0) =0, n > 0, G(s,0) = 1.
o Thus G(s,t) = expnl(r)t(s —1)] => 7, s"%e_ﬁ, n =nl(r)t.
SUMMARY so far:

e Classical photo-electron counting formula (Mandel formula)

—n B

pa(tt+T)="re™™ 7 =nl(x)T.
n.

e Poisson process.
o Generating function G(s,t) =Y o7 s"pn(t) = exp[nl(r)t(s — 1)].

e Nothing said here about PHOTONS! This is a DETECTOR theory.

3 Photo-count formula in quantum optics

3.1 Mandel formula generalisation: discussion

‘Quantum Mandel formulas’

Kelley-Kleiner, Carmichael, etc. version
o pu(t,t+T) = (: Le2 ) with Q= ¢ [T ar E-(¢)E+ ().
e No backaction of detector on field.

e ‘Non-absorbed photons escape, open system.’



e Typically many field degrees of freedom, field is a ‘BIG QUANTUM SYSTEM’.

Mollow; Scully /Lamb; Srivinas/Davies; Ueda etc. version
e Backaction of detector leads to damping (continuous measurement) of the field.
e ‘Eventually all photons absorbed, closed system.’

e Typically few field degrees of freedom, field is a ‘SMALL QUANTUM SYSTEM’

Scully-Lamb photodetector
M. Scully, W. Lamb Jr., Phys. Rev. 179, 368 (1969)

e ‘Photon statistics’ means (reduced) density operator p(t) of a light field (more generally:
boson field).

e ‘Photon statistics’ is inferred by photoelectric counting techniques.

[ s
=— [« === |x2) = 1w

gt} lgt2)} lgtN) )

~ Fic. 1. Pictorial representation of photodetector consisting of N-
independent atoms. Each atom in detector has a ground state
g} and continuum of excited states |k). Atoms are labeled by
indexing atomic state with particle number, e.g., |k(m)).

4 Some quantum optics techniques

4.1 Master equations and quantum dissipation

System-bath theory
Divide ‘total universe’ into system S and bath B,

‘H = Hs+ Hp+ Hss
= Ho+V, V =Hss. (4.1)



Total density matrix x(t) obeys the Liouville-von-Neumann equation

() = il x(0)] (42)

Master equation

e Effective density matrix of the system p(t) = Trp[x(¢)].

Interaction picture with respect to Hy,

(1) = e[V (), x(t = 0)] - /0 T 7 (6), [V (1), %)

Born approximation, x(t') &~ Ry ® p(t'), Ry bath density matrix.

System-bath interaction as V = 3", Sy ® By,

Bath correlation functions Cy(t,t') = Trp [Bk(t)él(t’)RO], TrpBy(t)Ry = 0.

So) = - a3 [eute =) {Su08@¢) - 5003050 )

kl
+ Cult =0 {51 — S5 } ] (4.3)

4.2 Application: microscopic field-detector theory
Scully-Lamb Photodetector

Detector model

e System: single photon mode a and N detector single level ‘quantum dots’ j with one (|1);)
or zero (|0);) electrons.

e Photon absorption empties dots into bath: leads 7, clj|vac).

aj

Hsp =Y (vo{cgjm)j(ua + Vgcaj|1>j<0|aT) =Y S ® B (4.4)
k

Master equation: trace out the leads
e Terms Ci(t — t')Sk(t)S;(t)p(t'); Cr(t —t') = (Bi(t)By(t')).

e ‘Broadband detection’ at all energies, 3", [VZ|26(e — £aj) = v.

soe = —mvd_ {0;(tatap + patal1); (1]~ 200);(1apmal|1)(0]}
J

State with m excitations



e Detector states |m; \) = I1x]0)1...]0)m|1)mi1...]1) x. Permutations

e m-resolved field ‘pseudo’ density matrix ﬁim) = > (ms Al pelms A).

d . I .
e = —mvy_ {0 (talap + fraal1); (1] - 200); (1aal 1)401}
J
D (ms Apel 1) (1m; A) = (N = m)(m; A|pe|m; A)
J
mbterms
D (mi A0); (LA 1) (0lms Ay = > (m = ;X |pelm — 1; )
J A
d ~(m ~(m ~(m ~(m—
@pg ) — —TFV{(N—m) [aTapg )—i-pg )aTa} —2(N—-m+ 1)ap£ D(ﬂ}.

N>m,v=2rNv ~

d (m)

. m v m m m—1
o = —ilHr.p )]—§(aTap§ '+ p{™ala — 2ap) )a‘L)- (4.5)

e Now counting statistics as p,(t) = Trpgm)!

Jump super-operator J, Jp = yapa', time evolution generator £

e Define Lop=Yp+ pYT with Y = —iHp — %aTa.

s = Lopt™ + oY

(4.6)

Summary: counting statistics in Scully-Lamb detector model

m~resolved field density matrix
p = Lopt™ + Ip" 7.

e Counting statistics as pp,(t) = Trpgm)!

Generating operator G(s,t)
e Define G(s,t) = Yoo smpgm), s: counting variable.
e Usually s complex, e.g. s = €' with real ¢.

e Infinite set of master equations now becomes a single equation,

%G(S’t) = (Lo + sJ)G(s,1). (4.7)




4.3 Quantum optics techniques: P-representation
Solve %G’ = —i[Hp,G] — 7 (aJ’aCATY + Gala — 28&@6”)
P-representation in harmonic oscillator Hilbert space
e Glauber introduced coherent states |z), a|z) = z|z).
e Glauber-Sudarshan representation of operators such as G as G = [ d?2P(G}; z, 2*)|2)(z].
e z and z* independent variables. Short form P(z) instead P(G; z, 2*).
e Rules aGal « z2*P(2), alaG — (2* — 8.)P(2), Gala — (2 — 8.-)P(2).

PDE for P-function of generating operator
e Field Hamiltonian Hp = Qala.

0
aPS(z,t) = [—yz@z —y 2" 0 +y(1+ |z|2(s — 1))] Ps(z,t)

. g
—iQ - —. 4.
-7 (48)

)

Solve %PS = [~y20. — y*2* 0 + 7(1 + |2|*(s = 1))] Ps
Case s = 1: simply damped harmonic oscillator

e 1st order PDE’s are solved by method of characteristics

Pi(z,t) = et PO) (261(97i7/2)t) (4.9)

Ezample 1 (G(s,t =0) = pO(t = 0) = |20)(20])-

S o
Pi(z,t>0) = e (zei(ﬂ’”/z)t - ZO> =@ (z - zoe*i(nfm/z)t>

(two-dimensional Delta-function!). State spirals into the origin.
Arbitrary s: P,(z,t) = e PO (zei(Q_”/Q)t) exp{—|z?(s — 1)(1 — &)}

e Now TrG(s,t) = Yoo o smTrpgm), read off photoelectron counting distribution p,(t) =
Trptm).

TG(s,1) = / d*2Py(z,t) = / d22PO) () A= =1
= Z /dQZP(O |Z’ nt) _‘Z|277t’ 0= - e—’yt.

e Use normal ordering property of P-representation,

.i. m
Pm(t) = Trp(0) : (a f:,t) e=alam . g =1_ (4.11)




Single-mode counting formula: discussion of p,,(t) = Trp(0) :

1—e

e Coherent state p(0) = |2g) (20| ~

— Poisson-distribution.
— Average (n) = (a'a) = |2]%.

— Coincides with semiclassical Mandel formula for vt < 1.

e Fock-state p(0) = [n)(n| ~

(alam)"

m!

pm(t) = ( :1 ) (1 —n)"™, n>=m.

— Bernoulli-distribution.

— m successful events (counts), n —m failures (no counts) regardless of order.

Summary part 1

Done so far
e Photon counting: photo-electron counting.
e Semiclassical Mandel formula.

e Photo-detector theory: Scully/Lamb.

ot
e~ ant

e Some techniques: quantum master equations, P—representation, counting variables and

generating functions/operators.

Still to do
e More general situations.

e Sources, fields, and detectors.

Part 11

Photo(electron) counts, quantum jumps and

trajectories

Revision: towards a counting formula in quantum optics

e Mandel (Poissonian)
AT

Pt t+T) = "e™ 7 =nI(r)T.

—e
n!

— Classical field with intensity I(r). Golden rule (photo-electric effect).



e Mollow, Scully-Lamb single mode

1 n _
pn(0,t) = Trp(0) : ﬁ<aTant> exp(—atan,):, m=1—et

— Correctly describes detector backaction. ‘Closed system’. Free cavity fields only, no
sources.

e ‘Quantum Mandel’, Kelley-Kleiner
Q ~
pn(t,t+T) = (: T e ).

— Heisenberg operators, Q = §ft+T d'E-(tET(t).
— Not correct for long times. ‘Open system’. Various generalisations on the market.

5 Correlation functions

Coherence functions
Notation x = (r,t).

GW(z,2') = (B (2)EWD(2)) (5.1)
G (w2, 2h,27) = (B (@) B (22) ED (a) B (a7)).
e Based on photon absorption ~ intensity (I(x)) = GM(x, z).
o G describes first order coherence: Mach-Zehnder (Young, Michelson) interference.

e G@ describes second order coherence: Hanbury Brown, Twiss.

GO t+7) = (EDWGED (t+7)) (5.3)
GOt t+7) = (EDOED @t +7)ED (t+7)ED (1)) (5.4)
( o = GO (t,t+7)
g+ = GO, GOt + 7.t + 7) (5:5)
number state  p(0) = |n)(n| ~ ¢@(r) = n(r;;l) =1- %
coherent state p(0) = [2)(z] ~ ¢@(7) = Z‘ZZT; =1. (5.6)

Definition 2 (bunching, antibunching; sub/super-Poissonian). - Bunching: ¢®®(7) <
¢?(0), anti-bunching ¢ (1) > ¢ (0).
- Super-P. ¢®(0) > 1, sub-P. ¢®(0) < 1: relation to py(t,t + T).

e Mode angular frequency w, damping k.

Master equation.

Use quantum regression theorem.

Long-time limit, t — oo, ng = [ — 1]7!

Jim (ol (Ba(t + 7)) = npe” (T (5.7)
lim (a!(t)a'(t + T)a(t + T)a(t)) = n3 (1+ 6_2”7) . (5.8)

t—o0

Thus, ¢ (7) =1 + e 2% and ¢@ (1) < ¢ (0): photon bunching.

(cf. Carmichael book etc.)
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6 Source-field dynamics and counting

6.1 Quantum optics basics
Quantization of Maxwell’s equations
e Vector potential in Coulomb gauge.

e Fourier expansion into field modes ug(r), mode index Q.

(V2 + wi)ug(r) = 0.
e Quantization, annihilation operator ag, creation operator aTQ.
e Electric field operator

1/2
E(r) = zz@: (Z:f) ug(r)ag + H.e. = ED(r) + EC)(x).

6.2 Quantum sources of light
Spontaneous emission from a two-level atom

Two-level atom with states |1), |0)
wo
H = ?az + ZyQ <a+aQ +o_ aQ> Z‘UQ“Q“Q (6.1)

Pauli matrices, photon creation operators ag.

Algebra of Pauli matrices

_ (01 (0 —i (10
== \10 “\i o) =0 1
__ (00 _ (01
T 10 A0 0
1 .
oy = §(O'x tioy), op=o0r+0_, oy=—iloL—o0_)
[oy,0-] = 04 |0s,04] =F204. (6.2)

Schrédinger equation for total wave function

|W(t)) = c(t)|1)|vac) + Z bQ(t)\O>aTQ\V&c), c(0)=1 (6.3)
Q

Can be solved (Wigner-Weisskopf) within some approximations. In particular, c¢(t) =
7Ft/27iw0t
e )

No re-absorption of any emitted photon « single mode model (only one @, Jaynes-
Cummings Hamiltonian, revivals).

e Electric field E()(r,t) = ES?L)( t) + E( )( t), source field in terms of source operators

11



e Heisenberg EOM aq(t) = —iwgag(t) — iygo—(t) ~
t
ag(t) = age et — iq/Q/ dt'o_(t e wat=t), (6.4)
0

e Field at the detector in terms of atom dipole operator

t
B (r,t) = / at' |3 fg(r)eet=0)| o (¢ (6.5)
0
Q

Q

/ dt [E®)5(t — 1 — /)] () = E@)o_(t - r/c).

0

- Note dipole form of E(F).
e Not too much can be learned here: transient process, exponentially decaying probability.

e We want to describe stationary processes ~» ‘driven spontaneous emission’ (resonance
fluorescence).

e Analogy to tunneling of a single electron from a single level quantum dot.

6.3 Resonance fluorescence: driven spontaneous emission

Resonance fluorescence: analogy to single electron tunneling

-

Resonance fluorescence

e
@

CB dot, tunneling

12



Resonance fluorescence model
- Spontaneous emission from TLS plus driving with classical field E cos(wrt), Rabi-frequency
Q = dE/h, d dipole moment.

0 , 4
Hi=Hse+ 5 (e7“rloy + ™' ), (RWA). (6.6)
- Time-dependent unitary trafo leaves Liouville-v.Neumann equation invariant

.+ 0U, _
Ht = —ZUtTaitt + UtTHtUta Pt = UtTtht (67)

- The form U; = exp(—iNypwpt)diag(e~“zt 1) leads to (wo = wr)

Hi=2 (04 +o)+ 2070 (0+aQ + O'_CLTQ> + > olwg — wL)a(J[?aQ (6.8)

Master equation for TLS-‘source’ density operator p;
pr=1i%loy +o_,pil = B(oso_pi+poro —20_poy)

e Spontaneous emission rate 8 = ) _, 755(@% — wgq), effect of driving in § neglected (<«
‘intra-collisional field effect).

e Compare with our previous detector equation, pﬁm) = —i[Hp, pgm)]—% (aTa,o,gm) + pgm)aTa - 2ap§m_1)aT) .

e Remember spontaneous emission: field at the detector in terms of atom dipole operator,

SN
£

2
2

E(T)o_(t—r/c).

e Thus a ~ Egﬂ ~O_.
e ~~ detector photon absorption ~ electron jumps from up to down, o_.
Cook’s ‘counting at the source’

R. J. Cook PRA 23, 1243 (1981)

n-resolved master equation for resonance fluorescence of driven TLS

o =il +oo,p”] - (U+U—P§n) + oo~ 20—P§n71)0+)

e Splitting up pr = > _.7 pgn), n photon emissions.

13



+ + +
P P P}

Excited —
states /
S
P3
?

Ground —-—/

states P3 P,

* b

Momentum O ik 2hk 3hk

e Cook’s original idea: momentum transfers between atom and driving field.

e Count number of discrete displacements nhk.
e Alternatively, count number of spontaneous emission events.
e Jump super-operator J with Jp = 2B0_poy = 26|=){+|p|+)(-).
e Generating operator as usual, G(s,t) =Y >~ s”pgn); counting variable s.
e Counting statistics as py(0,t) = Trpgn).
e Photons are integrated out: just 4 by 4 equation
oG = i%[a+ +o0_,G]—p(040_-G+ Goro_ —2s0_Goy).
e Solution G' = exp{ (Lo + sJ)t}p(0), needs diagonalisation.
e In Laplace space, @(s, z) = [z — Lo — sJ]71p(0), needs Laplace inversion.

e (G as vector, resolvent matrix

428 0 0  -Q
_ —20s =z 0 Q
— — 1 —
[z = Lo — 5] 0 0 z+8 0
g g 0 z+p

14



Result in Laplace space

TrG(s, z) = (6.9)
(24 B) (2 +28) + Q2 + (s — 1)28 [(z + B)pd* + QTmp ]
2(z + B)(z + 28) + Q%[z + B(1 — s)] '

We now have a closer look a this formula. Let us assume initial conditions p6r+ = par_ =0,
po = 1 for simplicity in the following.

Resonance fluorescence: sub-Poissonian counting statistics
Information contained in
A f(z)

BGen) = s aaa—yy SO =EAE M2

Need to transform back into time-domain.

pn(0,) = aa.sn TeG(s,t)],_, - (6.10)
(n)y = ag TrG(s,t)|,_; 1st moment. (6.11)

s

2
(n(n—1)) = ;92 TrG(s,t)|,_; 2nd factorial moment. (6.12)

Large t: pole zg closest to z = 0.

Expand zp = Y ¢m(s —1)™

> (Mpe = Qﬂfgfmt (6.13)
w02 = (AN ne = (M)too [1 - (25625‘252922)2} .
e Negative Mandel Q-parameter Q = F — 1, Fano factor F' = (An?)/(n) < 1.
e Large t > 3! counting statistics p,(t) becomes a Gaussian!
T (1) = —mge ("2, (6.14)

2moy

(D. Lenstra, PRA 26, 3369 (1982)).

15
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7 Master equations and quantum jumps

7.1 Counting the jumps
Counting in quantum optics: towards a counting formula...
e Direct ‘counting at the source’: the savest option...

— n-resolved master equations with ‘jumpers’ J — sJ, generating operators. Cook 81
(Lesovik 89, Gurvitz 99, Bagrets/Nazarov 03 ...)

e Mandel (Poissonian) p,(t,t +T) = Zre ™, n=nl(r)T.
— Classical field with intensity I(r).
— Golden rule (photo-electric effect) plus Markov.

e Mollow, Scully-Lamb single mode p,(0,¢) = Trp(0) : X (atam)” exp(—atan) :, m =
1—e

— Correctly describes detector backaction. ‘Closed system’.

— Free cavity fields only, no sources.

e ‘Quantum Mandel’, Kelley-Kleiner p,(¢,t +T) = (: Q—Te_ﬁ ).

n
— Heisenberg operators, Q = & ftt+T dt'E~(t)Et(t).

— Not correct for long times. ‘Open system’. Various generalisations on the market.

Ueda’s photodetector theory

M. Ueda PRA 41, 3875 (1990). (Relatively) consistent attempt to put everything together
?

e Source-field interaction.

e Detector-field backaction.

Three parties (source, field, receiver/detector).

16



Multi-mode photodetector
‘H =Ho + Hp + Hrp, Ho = Hs + Hrs + Hr

Hrp = Z ( c,ﬁ\O) (llag + H. c) field-detector interaction (7.1)
Qkj

e Neglect Hpg in deriving non-unitary part of master equation for y; (field-source density
operator).

d m . m
" = iMoo (7.2)

1 -1
- 5 Z YQQ' (GTQGQ’Xgm) + X,E )CLT CLQ/ — QCLlegm )QTQ) .
QQ’

e Assumes ‘broadband detection’, voq = 27N Y, VkQVkQ/(S(a — €kj), N > m detector
atoms.

Formal solution
Generating operator G, ‘damper’ Ly, ‘jumper’ J.
o Write 0,G = LoG + sJG, G(s,t) => 7, smxgm).
o LIX =YX+ XYY =—iHy— LY 00 v00ahag.

JX = ZQQ’ ’}/QQ/CLQ/XCLIQ.

Interaction picture G(s,t) = S;G(s,t), Sy = eLot.

Here, S; X = Lot X = eYtXeV't

Counting and jumping in interaction picture,

DG (s,1) = se Lot JeFot G (s, t). (7.3)

Solution of 8;G(s,t) = se£ot.JeLotG (s, t) as formal power series,

t %
G(s,t) = é(s,O)—i—/ dt’ se=Fot' JeLol' {é(S,O)+/ dt”s...}
0 0

to
= Z / dtpm / At S_y, IS ¢, J..J Sy, x(0)

Glst) = i / dt, / 448, TSh TS 1(0). (7.4)
Single-mode case first for simplicity (A(t) = e~ Y tae¥?):
Am = / dto... 0t2 dty At At )X (0 AT (1) AT ()
pim = /0 ... /0 dtr1eY At ). At (0) AT (t1)... AT (tn)e¥ .
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Single mode case, taking traces:

Trpl™ = ym/otdt / (AT (1) AT () A(t) - A(t1))
/ AT () AT (f)e? Y T A () A(11)).

t
Trpgm) = 'ym/ dtp,..
0

Relation with Kelley-Kleiner formula

Ueda vs Kelley-Kleiner

U = / dt, /thtl AT ATt eV A (). A(t)
K@) = ¢ Te®y, a=¢ / ar'al (i (7.5)

e No detector backaction in KK.

e Replace damped time-evolution A(t) = e~ tae* by free time-evolution a(t) = e otge= ot

¢ Remember single mode case (Mollow, Scully-Lamb) p,,(t) = Tr {p(0) : -1 (atan;)™ exp(—atan) :},
m = 1— e_vt.

e KK is short-time limit v¢ < 1 ~» 1y =

Up to first order in ~

t t
eYTteYt = <1+ 7/ dt'a’(t')a ) <1+/ dt’aT(t/)a(t’)...>
2 Jo 2 Jo
= <1+y/ dt'a’ (t")a )
0

v /O t dt'a’ (¢ ) : (7.6)

e Sum-rule > 7 pm(0,t) = 0 fulfilled for

2

~+

= :exp

7N

e (7.7)
to . | |
/ dtm / dtl ( ) .(ZT (tm)a(tm)e’y fO dt aT(t )a(t ) :>
— / o d /af a )
= <777,'|: /OdtaJr< ) ( )] e’Yf t t)()>
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Multi-mode form

7.2

P (0,8) = Trpl™ = Y @ ema X
Q1Q Q@

t t1
+
X / dty,... / dt1Tr (Xoa;rgl (tl)...a;[;)m (tm)ey tGYtaQ;n (tm)'-‘aQ’l (t1)> )
0 0

Somewhat impractical ...
Counting-at-source method much simpler.

Alternative: integrate out fields in 0,G = LoG + sJG (?)

Quantum trajectories

Quantum jump method, Monte-Carlo for master equation

Example: spontaneous emission from TLS (rotating frame)
pr=—0B(oro_pi+ poyo_ —20_poy)

Jump super-operator J with Jp = 280_po
Solve dypr = (Lo + J)p.
Interaction picture with respect to Lo: pr = Sipr, St = efLot

Solution of d;p(t) = e~*0t JeLot j(t) as formal power series,

oo t to
plt) = > / dtpm... / dtyS;_,,J S, 1, _,J....J S, p(0). (7.8)
m=0+0 0
m quantum jumps occuring at times 1, ..., t;,.

Sum over all ‘trajectories’ with m = 0,1, ..., 00 jumps between ‘free’ (but damped) time-
evolution.

Monte-Carlo procedure. Fixed time step At.

Step 1: start with pure wave function |¥).
Step 2: calculate collaps probability, Peo = SAL(V|oro_|¥)
Step 3: compare Py with random number 0 < r < 1.

—1F Py > 7, replace [8) — o [0)/[lo|W)]|.
— If P,y < r, no emission but time-evolution |¥) — (1 — iAtHeg| W) /N, where Hog) =
—ifoyo_.

Go back to Step 2.

Repeat procedure in order to obtain average.
Widely used in quantum optics community.
Note: splitting £ = Ly + J is not unique.

Literature: Carmichael (book); Plenio,Knight (review).
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Summary

e Multi-mode quantum optics: field as ‘bath’.

Correlation (coherence) functions.

e Resonance fluorescence: ‘counting at the source’, sub-Poissonian, anti-bunched.

Multi-mode photo-detector theory.

Quantum trajectories.

Still to do
e Microscopic models for source-field-detector.
e Further understanding of counting statistics py, ().

e More complex quantities, e.g. time-resolved probabilities P, (t1, ..., ty; [t,t + T7).
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