BAYESIAN CHANGEPOINT
DETECTION IN SOLAR ACTIVITY
DATA

James Grant - 2090368

Supervisors - Dr Vladislav Vyshemirsky & Dr

Vincent Macaulay

A dissertation submitted to the School of
Mathematics and Statistics of the University of
Glasgow for the degree of Master of Research

September 2014



Abstract

This project provides an extension to Adams & MacKay (2007)’s existing algorithm for
the Bayesian online detection changepoints by introducing Markov Chain Monte Carlo
steps. The extension allows the existing algorithm to be applied to data from
distributions lacking an associated conjugate prior distribution, by using Monte Carlo
integration to estimate probabilities from posterior predictive distributions. The
extended algorithm was applied to solar activity data as an example of its new potential

and evidence of distinct changepoints was discovered around the years 1790 and 1830.
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1 Introduction

Sunspots are dark patches which have been observed on the surface of the sun by as-
tronomers since the invention of the astronomical telescope in the early 17th Century and
their numbers have continued to be recorded ever since. Observing their patterns has
taught physicists much about the sun, from understanding the mechanics of its rotation to
understanding its electromagnetic activity, as this is the underlying phenomenon to which
the presence of sunspots can be accredited (Macaulay, 1992).

After over two centuries of observing sunspots, a regular cycle in their numbers was
observed. Wolf identified a link between this cycle and geomagnetic activity and in 1849
developed a Sunspot Index, which is still used to this day as a common means of quantifying
sunspot levels. The index R, is a function of the number of observed spots f, the number
of groups of spots ¢g and a scale factor k& (which carries with it some degree of subjectivity)

and is given by
R = k(109 + f).
(Sonnet, 1983)

Wolf Sunspot Index values have continued to be calculated since the creation of the
index and historical observations have been used to infer values as far in the past as 1700,
although there is a belief that the historical values are less accurate because they are a
reconstruction based on data whose daily record had some discontinuities. The accuracy
of early records is also somewhat questionable. When monthly averages of Wolf’s Sunspot
Index are plotted against time, as in Figure 1.1 (WDC-SILSO, 2014), the cycle is very
clear (on a daily or weekly scale the index fluctuates too wildly for a pattern to be so
recognisable).

Another interesting feature of the data, besides its cyclicity, is the region around 1790-
1830 where there is a very noticeable deviation from the otherwise fairly regular pattern.
This period has been historically referred to as the Great Solar Anomaly or the Dalton
Minimum. There is a noticeable change in both the amplitude and phase of the cycle during
this period and afterwards the pattern seems to return to normal (Sonnet, 1983). There
have been links made between the solar activity in this period and lower temperatures on

earth, prompting interest in sunspot numbers by certain meteorologists (Wagner, 2005). It



has recently been suggested that another such anomaly is imminent or has already begun
(Clette et al., 2014).

Looking at the data retrospectively, it is easy to observe the change of 1790-1830 by
inspection. Using statistical methods, the exact time at which the parameters of the
underlying process abruptly changed, referred to as a changepoint, can be identified even
more accurately. A question to be asked, however, is whether or not it is possible to use
statistical methods to detect a changepoint online (i.e. when it happens, or soon after),
rather than looking back on it as a part of a historic data set. The current change in
sunspot numbers is a prime example of such a potential changepoint. This question serves
as the main inspiration for this project.

There exists an algorithm for the online detection of changepoints using Bayesian statis-
tics as proposed by Adams & MacKay (2007). They point out that there are already a
number of existing methods for online changepoint detection within a Classical framework.
The Bayesian algorithm which they proposed is only applicable to certain classes of data
(that can be modelled by a likelihood with a known conjugate prior) and as such is not

suitable for sunspot data, which is too complex to be modelled in such a way. It has been
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Figure 1.1: Monthly mean values of Wolf’s Sunspot Index from February 1749 to July
2014.



an aim of this project to improve their algorithm by introducing alternatives to the existing
steps, in the hope that the algorithm will become applicable to more classes of models,
including those which could approximate the sunspot data.

The main aims of this project have been to

e replicate the algorithm proposed by Adams and MacKay along with their results,

using the computer package R;

e develop a new algorithm suitable for a more general class of data and compare its

results to those of Adams and MacKay;
e apply the new algorithm to the Wolf Sunspot Index data and investigate the results.

Section 2 of this dissertation describes the methods involved in the various algorithms
used as well as explaining associated theory and notation where appropriate. Section 3
then provides the results of implementing the algorithms and Section 4 gives a discussion

and a final conclusion to the dissertation.



2 Methods

This section of the dissertation outlines the theory and methodology which has been applied
throughout this project.

Firstly, in Section 2.1 some general concepts and notation associated with the change-
point data sets used throughout the project are defined and discussed. Section 2.2 gives a
brief review of existing literature on the topic. Section 2.3 then discusses the notion behind
the Bayesian changepoint detection algorithm proposed by Adams & MacKay (2007) along
with the concept of conjugacy on which it strongly relies. Section 2.4 provides further detail
on Adams and MacKay’s algorithm. Specifically, in Section 2.4.1 a detailed explanation
of the implementation of the algorithm is provided, using a Gaussian likelihood with un-
known, changing, mean and known, constant, variance as an example. In Sections 2.4.2
- 2.4.4 the implementation of the algorithm for other types of Gaussian data and finally
for several real world examples is considered, concluding the matter on the replication of
Adams and MacKay’s work.

Section 2.5 describes how I introduced Markov Chain Monte Carlo (MCMC) steps to
Adams and MacKay’s algorithm, in order to extend its use to likelihoods which do not
have a conjugate prior distribution. In Section 2.6 Harmonic Data is discussed, as this is
the class to which the Sunspot Index data approximately belong, the section details how
the algorithms with and without MCMC steps is implemented both for artificial data and
the Sunspot Index data. Finally, Section 2.7 describes how the Sunspot Index data were
pre-processed, by applying several transformations to the raw data, so that they are more

appropriate for the algorithms developed in Section 2.6.

2.1 Changepoint Data: Concepts and Notation

Figure 2.1 displays data generated from a normal distribution with constant variance 0% = 1
and changing mean € indicated by the horizontal blue lines. This dataset is typical of the
Changepoint Data used throughout the project. These data are characterised by abrupt
changes in one or more of their generative parameters. The temporal locations of said
abrupt changes are referred to as changepoints. In this project all of the changepoint
datasets used are univariate discrete time series where observations are regularly spaced;
however there is no reason that multivariate data or data which does not occur in a regular

temporal pattern could not be considered to be changepoint data if there are still abrupt



changes present.
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Figure 2.1: 70 observations of Gaussian changepoint data x with abruptly changing mean
and known, fixed, variance. Circles represent observations and blue lines represent the

underlying mean 6 which takes the values 3, —3,0 and 3.

Throughout this dissertation, a key quantity of interest will be run length. At any given
point the run length is the time since the last changepoint. It will be represented by the
variable r;, where ¢ denotes the current time. A given value of the run length therefore
implies a changepoint at a particular point in the past, i.e. if r; = a, it implies that the last
changepoint occurred at time ¢t — a. The current run length only provides information on
the location of the most recent changepoint. The distribution of run length values based on
observed data has been of interest throughout the project and is calculated as a means of
estimating changepoint locations. Since the distribution function assigns probability mass
to different potential run lengths at different times it effectively assigns probability mass
to different changepoint locations (implied by the run length values) as well.

In principle, a changepoint can occur at any time. However, with the discrete datasets
featured in this project, it will never be possible to make any exact inference on their

location. All that will be detectable is that a changepoint occurred at some point between
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Figure 2.2: Run length against Time for the Gaussian changepoint data with changing
mean shown in Figure 2.1. Circles indicate run length values at integer times and red

dashed lines indicate the occurrence of a changepoint over the next time unit.

two observations. So for this reason, run length is treated as a discrete variable with the
assumption being made that changepoints can only occur at one temporal position between
successive observations. While it may seem intuitive to assume that this position is the
midpoint between observations, the decision was made to assume that the opportunity
for a changepoint came immediately after an observation. The reasoning behind this
decision was to ensure that run length always took integer values, which was easier from a
computational point of view.

Throughout this dissertation changepoints will be indicated by dashed, vertical red lines
as in Figure 2.2 and it is worth bearing in mind that this indicates a changepoint exists at
some unknown temporal location between the time point at which the line is placed and
the subsequent time point. Figure 2.2 displays the run length values associated with the
data displayed in Figure 2.1, with the changepoints highlighted.

The notation x§’") = {T¢—(r—1), Tt—(r—2)» ---, T+ } Will be used to denote the set of obser-

vations associated with a given run length r,. In practice, this is the set of observations



since the last changepoint, whose position is implied by the run length r;. An analogous
notation is used for sets of parameters in the statistical models to be developed. For a
parameter vector 7, the vector ny) denotes the vector of posterior parameters calculated

using the set of observations xi’“).

2.2 Review of Literature

This section gives a review of existing literature, on both Frequentist and Bayesian ap-
proaches to changepoint detection. It is by no means exhaustive but gives some context
to the work of Adams & MacKay (2007), on which much of this project was based.

From the pioneering work of Page (1954), Frequentist approaches to changepoint detec-
tion have generally been online. Page’s paper proposed a system for detecting changepoints
in an industrial application (such as a manufacturing line), based on monitoring a moving
average and classifying a changepoint as the time when this average moved beyond certain
limits. This approach tended to focus on a mean parameter 6 and could be implemented
as a one-sided or two-sided system. Lorden (1971) provides a detailed derivation of the
boundaries which should be used for optimal stopping in Page’s approach. Page later pro-
posed a test for detecting a change at an unknown point in a parameter whose initial value
was known. This test was based on a null hypothesis that the full time series consisted of
observations from a single distribution with this initial parameter. The need to know such
an initial value for the parameter of interest could be seen as a significant drawback to this
approach (Page, 1955). All of these older Frequentist approaches are limited by the need
to assume a particular model.

Modern work such as that of Desobry et al. (2005) has often involved on the use of
Support Vector Machines. Desobry et al. introduce a nonparametric approach to hypoth-
esis testing that is based on Machine Learning theory and is referred to as Kernel Change
Detection. The main advantage of their approach is the freedom from model assumptions.

In contrast, the majority of Bayesian approaches are offline (retrospective). Barry &
Hartigan (1993) describe an offline approach where various partitioning methods used to
divide the data into contiguous sets, with constant parameter values within each set. The
merits of different partitioning criteria are discussed and the authors put their own method
forward as one which performs consistently well in a variety of scenarios. Chib (1998),
Green (1995) and Stephens (1994) introduce MCMC based methods, such as Chib’s use of



MCMC to estimate complex likelihood functions and allow different changepoint models
to be compared by Bayes factors.
When Adams & MacKay (2007)’s paper was written it was part of a small minority of

Bayesian approaches that were online.

2.3 Adams and MacKay’s Bayesian Online Changepoint Detec-
tion Algorithm

Adams & MacKay (2007)’s algorithm does not offer a test or an automatic means of
detecting a changepoint (at least directly, although it could however be adapted to do
so) but rather a means of estimating the run length distribution at each observation time
based on the data previously observed.

In principle, this process is just an application of the product rule of probability, com-
bining the predictive probabilities of a new datum given each possible run length with
the run length distribution from the previous time step to obtain the current run length
distribution. The algorithm is therefore iterative and proceeds in this fashion for as many
data as are observed.

As the algorithm is Bayesian, selecting suitable priors both on the unknown parameters
and the frequency of changepoints is an important issue. Adams and MacKay exclusively
choose conjugate priors for the unknown parameters to simplify the required computa-
tions. This will be discussed later in this section. They represent prior belief about the
distribution of changepoints using a hazard function H(ry).

The hazard function can take a variety of forms and could be chosen so that change-
points are more likely at small run lengths than large ones or vice versa. However in this
project, following the lead of Adams and MacKay, the decision was taken to assume that
the length of the gaps between changepoints followed a Geometric distribution with fixed
parameter A, making the hazard function H(t) = 1/A,Vt i.e. a constant rate of change-
points was assumed. With A being chosen to reflect some reasonable rate for the data
being handled, it can be interpreted as the prior expectation of the mean run length. The
justification for this decision was that it is both a noninformative choice and easy to in-
terpret. It was hoped that by choosing the hazard function in this way bias in the results
would be limited and the data could speak for themselves.

The algorithm’s implementation is described in much fuller detail, in the context of a



simple example, in the next section.

The algorithm proposed by Adams and MacKay gains much of its computational effi-
ciency from the use of conjugate priors — a class of prior distributions whose use makes
determining a posterior (and by extension a posterior predictive distribution) possible in
an analytic form.

Definition 2.3.1:
If F is a class of sampling distributions p(y|f) and P a class of prior distributions for 6,
then the class P is conjugate for F if

p(Oly) € PV p(y|d) € F and p(f) € P.
(Gelman et al., 1995)

Using a conjugate prior for a likelihood function therefore means that the posterior
distribution will always have a known, closed parametric form — of the same family as the
prior distribution. Particular interest is focussed on natural conjugate families where P is
the set of all densities with the same functional form as the likelihood. These conjugate
families belong exclusively to the FExponential Family of distributions and Adams and
MacKay focus their work on Exponential family distributions.

Definition 2.3.2:

The class of distributions F is an exponential family if all its members have the form,

p(yil0) = f(y)g(0)e?®" ).
(Gelman et al., 1995)

The likelihood of a sequence of iid observations from an exponential family distribution
y = (Y1, ..., yn) will always be the function of a sufficient statistic Y., u(y;). A statistic
is sufficient if no other statistic which can be calculated from the sample gives any more
information as to the value of the parameter being estimated (Fisher, 1922). Exponential
family distributions are unique in being the only ones to have a fixed number of sufficient
statistics for all n. This is the property that results in them being the only distributions

with natural conjugate priors. If the prior density is specified as

p(6) oc g(8)7eX ",



then the posterior density is
p(0) x g(0)ned@T (i),

This is of the same distributional form as the prior and shows that the prior density is
conjugate (Gelman et al., 1995).

Conjugate priors are popular for many of the same reasons that commonly used distribu-
tions (such as the Binomial or Normal) are: they have results that are easy to understand,
and more importantly they simplify computations. As the form of the posterior is known
in advance all that needs to be done is an update of parameters (based on the fixed number
of sufficient statistics) and computationally inefficient integrations are avoided.

Robert (2001) mentions that conjugate priors are seen to be useful because it is argued
they provide an objective and systematic means of selecting a prior distribution when the
information available does not allow a prior distribution to be fully specified (if it even
exists). This same point however is also a source of criticism as it is noted that using a
conjugate prior involves making certain assumptions and potentially ignoring aspects of
the prior information. Conjugate priors are not always particularly robust, a property that
can create serious issues when sample sizes are small and the prior distribution has much
more influence on the resulting inference. Additionally, in situations where the likelihood
function is more complex a conjugate prior may simply not exist and therefore a method
reliant on conjugate priors will not be applicable everywhere.

Clearly conjugate priors have value under a specific set of conditions but it will be
worthwhile to extend the algorithm of Adams and MacKay to a version where their use is
not necessary. This is what this project attempts to do through introducing sampling by
Markov Chain Monte Carlo steps in place of steps that relied on the properties of conjugate

priors.

2.4 Replicating Adams and MacKay’s Algorithm

To develop the algorithm further, the first step is naturally to understand how to implement
it in its existing state. Thus work was done to replicate the results of Adams & MacKay
(2007) for several increasingly complex examples. All the examples considered consisted
of univariate time series. Initially, artificial data were explored, considering three cases in

particular:

10



1. Gaussian data with unknown mean and known variance,
2. Gaussian data with known mean and unknown variance,
3. Gaussian data with unknown mean and unknown variance.

The idea behind using an artificial dataset is that the true parameter values and change-
point locations are known exactly and the exact accuracy of the algorithm can be assessed.
For each of these examples it was necessary to identify an appropriate posterior predictive
distribution which results from the use of said conjugate prior. Sections 2.4.1-2.4.3 describe
the methods used (in extensive detail for the first case, in outline for the remaining two)
and Sections 3.1.1-3.1.3 display the associated results.

The algorithm as developed for artificial data was then applied to real world examples
as considered by Adams and MacKay. Sections 2.4.4 and 3.1.4 detail the nature of the
datasets, the methods used to analyse them and show a comparison of the results obtained

by Adams and MacKay and as a part of this project.

2.4.1 Gaussian Data with Unknown Mean and Known Variance

The first data considered were independent identically distributed observations from a
N(6,0%) distribution where 0? was known and the value of § changed at changepoints.
The data were generated in R using the rnorm command (R Core Team, 2012) and both
the true values of # and the changepoint locations were stored to check the accuracy of the
algorithm.

Hoff (2009) describes how we arrive at the posterior predictive distribution required in
the algorithm for this data. For some data x = {zy, ..., 2,|0, 0%} ~ i.i.d N(6,0?), the joint

sampling density is given by

(21, ...y 200, 0%) = (270%) ™ 2exp{ = (z; — 0)?/20>}.

It can be shown that in this case the normal distribution is also a conjugate prior for

the mean. Suppose 6 ~ N(po,73) then, by Bayes’ Theorem

Ti;— 2
p(01x,0%) oc p(0)p(x[6, 0%) oc exp{—35 (8 — po)*Yexp{— =G5}

After completing the square in # in the exponent it can be shown that

11



PO, 02) ocexp{— 515 (6 — 1)},

where
, 1 i X
Tn_?lg*'%’ MH—W’ (1)
meaning, 6|x,0? ~ N(u,,72) — another normal distribution, proving the conjugacy in

this case. Generally the posterior predictive distribution for a new observation X would be

obtained by evaluating the integral
p(x|x,0%) = [ p(x]0,0%)p(0]x, 07)d6.

However in this case Hoff (2009) uses a quicker argument based on the posterior mean
and variance of x and the fact that the sum of normally distributed independent random

variables is also normal to arrive at the posterior predictive distribution in a closed form:
X|o?, x ~ N(,, 72 + 02),

where p,, and 72 are defined in equation (1). With the posterior predictive distribution and
its parameters identified it was then possible to proceed with implementing Adams and
MacKay’s algorithm. The first step of the algorithm is to make suitable prior assumptions
and initialise relevant quantities.

The hazard function should be specified and as described in Section 2.1 the discrete ex-
ponential (Geometric) distribution on waiting times for changepoints leading to a constant
hazard H(t) = 1/A Vt is a sound, easy to interpret and computationally efficient choice.
The simple option for initialising the run length distribution of P(ry = 0) = 1 was also
chosen for this example, partly because of its simplicity and also as there was no previous
data on which to base a hazard function. The last part of the initialisation step was to
choose some initial values for the hyperparameters po and 7¢.

The following steps of the algorithm are implemented for times ¢ = 1, ..., n based upon

a sample x = x1, ..., T,.

1. Evaluate the predictive probability of x; under the posterior predictive distribution

associated with each run length possible at time t =47 — 1

7 :./\/'(acz-mz(»j)ﬁf(j) +0%) for j=0,1,...,i — 1.

7

12



These probabilities give a measure of the likelihood of the new observation being
generated under the parameters associated with each possible run length, which in
turn can be used to estimate the likelihood of each of these run lengths being the

true one.

2. Growth and changepoint probabilities (essentially the probability of the run length
being in a particular state at a particular time) are evaluated by combining the
predictive probabilities with the hazard function and growth and changepoint prob-
abilities from the previous iteration. The only way to reach a run length r; = j > 0

is to have r;_; = 7 — 1. So the relevant result is, by the product rule, for j =1,...;¢
P(r, = i,x1:) = P(ro = i = Lre 1, xa6) - m - (1= H(D)),

with the (1 — H(r)) term representing the probability that there is not a changepoint

and x.; denoting the set of values {1, ..., 2;}.

On the other hand r; = 0 indicates that there has been a changepoint and this can
occur from any run length. This means that in order to calculate P(r; = 0,%;.;) the
Law of Total Probability must be applied summing over every possible run length at

time ¢t = ¢ — 1:

P(Ti = Oaxlzi) = ZP(Ti = O,Ti—l,Xlzi)

= ZP(H’ = 0,$¢‘Ti—1ax1:(i—1)) : P<Ti—laxlz(i—1))

Ti—1

= ZP(H = O’Tzel) : P(xi!nfl,xy)) : P(7’1717X1:(i—1))a

ri—1
which can be re-expressed in the notation used for growth probabilities as

i—1 ,
P(ri = 0,x11) = ¥ P(ris = jyxuin) -7 - H(i).
j=0
3. To obtain the run length distribution conditional on the observed data for the current

iteration, renormalisation is performed (by the product rule in reverse):

P(ri=j,X1.i

P(Ti = j|X1:7L) = By ) for 7 =0,1,...,17,

13



where P(xy,;) = Z;ZOP(Q = j,X1;). Once renormalisation is performed the prob-
ability density associated with run length 0 will be the same fixed constant 1/A for
all 4. This reflects the fact that a changepoint (assumed to occur immediately after
a datum) could occur with equal likelihood from any run length, but cannot be de-
tected until some data are generated with the new parameters. So the estimate of
the probability of run length zero will always be based solely on the prior information

contained in the hazard function and that is why it is fixed.

4. Finally update the model parameters for use in the next iteration

(0)

Hifh = Mo
2 (0) _ 2
Tivi1 = To

()

M‘ 1 - T T fOI' j - ]_, ...7/1;,
o 20D 152
(4) 1 . .
T; =—0—+forj=1,..,1.
i+1 T2(1_1)+712 J ) 9

K3

After some investigation it was found to be desirable to use a slightly altered version
of step 2. The set of growth and changepoint probabilities at each time point does not
represent a properly normalised distribution (i.e. they do not sum to 1) and as a result it
was found that in some examples once run lengths became large the growth and changepoint
probabilities became so small that they fell below the minimum precision level in R, causing
them to be rounded down to 0 — which would be incorrect.

So a way around this was to use the run length distribution conditional on the observed
data from the previous iteration in place of the growth and changepoint probabilities from
the previous iteration. The application of Bayes’ theorem and the removal of the data term
— which is a fixed common factor — shown in the expressions below, proves that this is
possible.

For growth probabilities

P(Tz‘ = j7X1:i) = P(Tz'—l = j - 17X1:(i—1)) : W(j) : (1 - H(l))

P(ri1 = j— 1xig 1) - P(xpen) -7 - (1 — H(i))
x P(riy = j — Uxpg ) -7 - (1 — H(i)).

14



For changepoint probabilities
i—1 '
P(r; =0,%1,) = Y P(rioi = j,xp,5-1) 7 H(i)
=0
i—1 )
= Z P(ri = j‘xlz(ifl)) ‘ P(Xlz(ifl)) : 7T7;(J) - H(i)
=0

1—1
X ZP(Ti—l =J— 1|X1:(171)) : 7%(]) : H(Z)
§=0

As the normalisation in step 3 removes the data term P(Xlz(i_l)), this modification
will not impact the performance of the algorithm. Indeed, while they do not mention it
explicitly in their paper, this modification is used by Adams and MacKay in supplementary
material to their paper.

Commented code illustrating how these steps were implemented in R has been provided
as a separate file. By selecting a suitable prior distribution the steps can be applied to any
normally distributed data with known (or, more practically, well estimated) variance and
changing mean. In Section 3.1.1 the results of applying the algorithm to the data displayed

in Figure 2.1 are described.

2.4.2 Gaussian Data with Known Mean and Unknown Variance

A different problem is to suppose that the mean is known and fixed but the variance is
neither. The algorithm for this example can be implemented in almost exactly the same
way, the only modifications that need to be made are to steps 1 and 4, as a different
conjugate prior will be required and as a result the posterior predictive distribution will
also be different.

As described by Bishop (2008) it is easier to work with the precision of the normal
distribution A = 1/0? whose likelihood is of the form

p(1, .., |0, A1) o< AV 2exp{—2 i(:nZ —0)?}.
i=1

A conjugate prior in this case is a Gamma(a, $) distribution: the resulting posterior
distribution, when ii.d. observations x = {z1,...,z,} from N(0,1/)\) are observed is
Gamma(ay, 5,) where o, = o+ n/2 and B, = f+ 5> 1, (z; — 0)%.. The posterior
predictive distribution which is required for Adams and MacKay’s (2007) algorithm is
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a generalized Student’s t-distribution on v = 2q,, degrees of freedom with mean 6 and
variance £ = a,, /S, (Murphy, 2007). This distribution takes the form

M5+1) €2 €0
g ) U

N

v
2

) (2)

(Bishop, 2008)

St(x]0,€,v) = (

iz 14

In summary, it is assumed a priori that A\ ~ Gamma(ag, fy) which gives a posterior

predictive distribution x|6,x ~ St(0, & = g—", v = 2a,), where «,, and (3, are defined above.

The steps of the algorithm then become:

1. Evaluate the predictive probability of z; under the posterior predictive distribution

associated with each run length possible at time t =47 — 1
. ) .
7TZ-(J) = St(z;|0, ;g’—;, 2041(»3)) for j =0,1,...,4s — 1.
2. Calculate growth and changepoint probabilities

P(ri = j,x14) < P(rioy = j — Uxion) -7 - (1= H(r))
1—1

P(r; =0,x,;) ZP<T1‘—1 =j = 1|x16-1) - 7ri(j) - H(r).

5=0
3. Obtain the run length distribution conditional on the observed data for the current
iteration.

Pri:',x 11 . .
ﬁ for j=0,1,...,1,

P(r; = jlx14) =
where P(x1,;) = Zz‘:o P(r; = j,x1.4).

4. Finally update the hyperparameters for use in the next iteration

0 0 0 0
O‘§+)1 = O‘t() )7 @2“( )= ﬁg( )

al(i)l = ozgj_l) + %, for j=1,...,i
ﬁi(i)l = U 4 3 ;(:cl —0)? for j=1,...,1.

By selecting a suitable prior hyperparameters and a hazard function the steps can be
applied to any normally distributed data with known (or, more practically, well estimated)
mean and changing variance. In Section 3.1.2 an example dataset is shown along with the

results of applying the algorithm to it.

16



2.4.3 Gaussian Data with Unknown Mean and Unknown Variance

The third and final case of Gaussian data considered is the case where both the mean
and variance are unknown and subject to changes. Again, the algorithm only requires
modifications to steps 1 and 4 because of the use of a different conjugate prior. Again a
more convenient parameterisation involves the precision, A, rather than the variance itself.

In this case a joint conjugate prior on p and A is given by a Normal-Gamma distribution,

a combination of a Normal prior on p and a Gamma prior on A (Murphy, 2007):

NG(8, M po, k0, 20, o) = N (0, Mo, (koX) ™ ) Gamma( N ag, Fo)
B 1
Zne(to, Ko, @, Bo)

203 exp(—%[fﬁo(e — #o)” + 250])

where Zne (o, ko, o, Bo) = %(i—g)l/ s a normalising constant. As the distribution is
0

conjugate for the Gaussian likelihood, the posterior will also be a Normal-Gamma distri-
bution. The posterior distribution NG (0, |, Kn, 0, Bn)’s parameters have the form

Koo + NI

n
Ko +n

Kp = Ko + 1,

an, = ag+n/2,
Bn =5 +1i(m_$)2+M
' ' 23 l 2(ko + 1)

As a result the posterior predictive will again be a generalized Student’s t-distribution
(as defined in equation 2) on v = 2, degrees of freedom with mean g, and variance
£E= % (Murphy, 2007).

An obvious, but ultimately trivial, difference in this case is that the prior distribution
has four hyperparameters g, ko, g and Fy. This has no significant impact on the algo-
rithm’s steps other than to necessitate the updating of two more parameters than before,
indeed a prior distribution with any number of hyperparameters could theoretically be used
with Adams and MacKay’s algorithm as long as it is conjugate to the assumed likelihood.

The alterations which need to be made to the algorithm from Section 2.4.1 are very
similar to those described in Section 2.4.2 so the full steps of the algorithm for this third
case are omitted here. Section 3.1.3 does however show example results.

It is possible to apply Adams and MacKay’s algorithm to any data set with an expo-

nential family likelihood by identifying a suitable conjugate prior, the associated posterior
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predictive distribution, and the formulae for the updating of posterior parameters and then

making suitable alterations to the full algorithm as described in Section 2.4.1.

2.4.4 Real Datasets

Adams & MacKay (2007) apply their algorithm to three real datasets, which will be de-
scribed in this section. In section 3.1.4 the results from applying the replicate algorithm
to these are given.

The first data set consists of measurements of the nuclear magnetic response of under-
ground rocks (Fearnhead & Clifford, 2003). The data were obtained when drilling through
the Earth’s crust and are suitable for use with Adams and MacKay’s algorithm because
the underlying signal is piecewise constant. As new strata of the Earth’s crust are reached
by drilling downwards, new types of rock are encountered, each with different mean nuclear
magnetic responses which cause a jump in the signal. If it is assumed that the nuclear
magnetic response measurements are normally distributed around the current level of the
signal and their variance can be well estimated this can be treated as an example of Gaus-
sian data with unknown mean and known variance and the algorithm from Section 2.4.1
can be applied to it. The data set consists of 4050 observations and shows where the use of
conjugate priors really has its advantage; because of the size of the data set, over 8,000,000
predictive probabilities need to be calculated in the process of applying the changepoint
detection algorithm. This already takes some time using the conjugate prior approach and
could be unfeasible using a less efficient method.

The data along with the comparison of Adams and MacKay’s results and the results
obtained as a part of this project are given in Section 3.1.4.

The next data set consisted of daily returns of the Dow Jones Industrial Average from
each business day between 5th July 1972 and 30th June 1975. A daily return was cal-

close

culated as R; = W — 2 where p*¢ is the closing price on day t. This time period
is significant because of several major events with potential macroeconomic effects which
occurred during it. These include the OPEC oil embargo and the Watergate affair which
led to the resignation of US President Richard Nixon. Applying the algorithm for Gaus-
sian data with known mean and unknown variance to the daily returns of the Dow Jones
Industrial Average over this period would attempt to see if there are points where the
volatility (variance) of the market changes suddenly. The timings of such changes could

be compared to the timings of certain political events and an expert in the field could use
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this information to judge whether there is a causative link. As with the nuclear magnetic
response data, an exploration of data and results is given in Section 3.1.4.

The third and final dataset (Jarret, 1979) considered by Adams and MacKay consisted
of the dates of coal mining disasters. The specific data were the dates of coal mining
explosions which resulted in 10 or more fatalities between 15th March 1851 and 22nd
March 1962. A point of interest within this time frame is the year 1887 when the Coal
Miners Act was introduced by Government, with the intention of reducing the number of
such disasters.

Adams and MacKay modelled the data as a Poisson Process by weeks and placed a
conjugate prior of a Gamma distribution on the rate parameter ¢ with parameters ay =
Bo = 1. The resulting posterior predictive distribution is a Negative Binomial distribution
with parameters «, and ﬁ, where a,, = ag + z—i% and B, = Bp +n. They used a
constant hazard function with parameter A\ = 1000.

In this project a related approach was used. If the data can be modelled by a Poisson
Process with rate ¢, it means that the waiting times between observations can be modelled
as i.i.d. observations from an Exponential distribution with parameter ¢. The same
Gamma prior can be used as a conjugate prior for Exponential data but in this case
the posterior predictive distribution is a Lomax distribution, with scale parameter 3, =
Bo + Zn: x; and shape parameter «,, = ag + n. In Section 3.1.4 the waiting times between
disaség;s are plotted as a time series and the results of applying the conjugate prior based

algorithm with a Lomax posterior predictive distribution are given.

2.5 Introducing Markov Chain Monte Carlo steps

Having unpicked Adams & MacKay (2007) algorithm and replicated their results by im-
plementing the algorithm in R, it is now possible to go about adding MCMC steps so that
the algorithm can be used for data whose likelihood function lacks an associated conjugate
prior distribution. Details of this algorithm are given here and in section 3.2 the results
generated using the MCMC based algorithm are compared to those generated with Adams
and MacKay’s original conjugate prior based approach.

The area which requires the most substantial changes is the calculation of predictive
probabilities, because if a conjugate prior is not used then the posterior predictive dis-

tribution will not necessarily have a known closed form. This means that the posterior
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predictive distribution can no longer simply be updated by updating the values of some
sufficient statistics or hyperparameters.

In both algorithms it is necessary to calculate the predictive probabilities, Wt(r)(x) =
P (x¢|re, X,E:D). When a conjugate prior is used the information that is being conditioned
upon (the current run length, and the set of observations since the changepoint r, units
in the past, which is implied by the run length) can be summarised by sufficient statistics
which in turn give the hyperparameters of a closed form posterior predictive distribution.
This distribution can then be used to calculate all desired predictive probabilities.

However without relying on the properties of conjugacy, it cannot be assumed that
the posterior predictive distribution has a neat analytical form such as a Normal density
function or Student’s t-distribution. Instead the predictive probability of an observation

should be found by evaluating the following integral:
P xl”) = [ Planfo, xS (6l x5 as

1. P(0)P(x 0
= /P(mt\e,rt,xg_ll)) ( ) ((Tt 1? | )d9
P(x; ;")

The trouble with this is that the integral can often be very difficult or indeed impossible to
evaluate, so instead Monte Carlo integration (Hastings, 1970) is introduced to approximate

the integral. The approximation below is made

Mi

[ P(z,|0)P(O]re, x\" V)b ~ P(z,67),

L
M

s
Il
—

where the 6 are simulated using a Metropolis-Hastings algorithm with P(9|Tt,Xt ) being
the target distribution. For r; = 0 P(@\rt,xt ) = P(#). The P(xgr 11)) term that is
difficult to calculate will cancel out as a constant of proportionality during the Metropolis-
Hastings steps and will no longer pose an issue. As long as M is chosen to be suitably
large, the sum can provide an accurate approximation to the integral and in turn the
MCMC based algorithm can generate results that are accurate approximations of the
results generated by Adams and MacKay’s algorithm.

Much like the conjugate prior based algorithm, the steps of the MCMC based algorithm
are perhaps best explained in the context of an example. So the simplest example —
Gaussian data with unknown mean and known variance — will again be considered. The

conjugate prior to this likelihood is also normal and this will be used as the prior in the
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MCMC based approach also, but without directly relying on the properties of conjugacy.
The same parametrisation from Section 2.2.1 will continue to be used, so that the prior is

0 ~ N(uo,72) and the likelihood is x ~ N (6, o?)

Every time a predictive probability 7r§r) needs to be calculated the following Metropolis-

Hastings steps are carried out.

e Initialise the sequence of 8 values, by choosing a suitable value §")
o fori =2 ... M
— Propose a new value
0~ N(OD 52,
where 72 is some suitable variance. The exact value will be dictated by the scale

of the data but it should generally be smaller than o2.

— Calculate an acceptance probability

201”7 0?)a(e04 )
P0GV 7 o2)a(06 D01

where ¢ is the proposal distribution. In this situation where the proposal distri-
bution is symmetric, the ¢ terms cancel and the acceptance probability reduces

to

2
N(9’|,ut<r>,7't(r) ,02)
NOGD[D 712 52)”

— Set %) = ¢’ with probability min(1, @), and % = 0=V otherwise.

o =

M
o Calculate ") ~ = > P(we44]07).
i=1

Otherwise the algorithm works as before, simply using these predictive probabilities
estimated based on the Metropolis-Hastings steps in place of those from the known form
posterior predictive distribution. In Section 3.2 the MCMC based algorithm is implemented
for the data displayed in Figure 2.1 and the results from this method are compared to the

result obtained using Adams and MacKay’s algorithm.
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2.6 Harmonic Data

The Sunspot data is a manifestation of a very complicated magnetohydrodynamic system
within the sun, and as a result is far from simple to model. However one of the standout
features of the data, and indeed one of the reasons it cannot be modelled by an exponential
family distribution is the strong cyclical aspect. Therefore a natural starting point in
attempting to implement the changepoint detection algorithm on the Sunspot data is to
understand how to apply it to some general harmonic data.

In this section an approach is derived to apply the changepoint algorithm to data from

a simple harmonic series in two distinct cases:

1. where the angular frequency, w, is assumed to be known,

2. where it is unknown.

The form of the likelihood of this data will allow a mixture of the conjugate prior and
MCMC based approaches to be used in the second case, as certain parameters which enter
the likelihood function linearly will have conjugate priors. The advantage of using this
mixture approach is that computing time is saved whenever the conjugate prior based
approach can be used. The algorithms for both cases will be applied to artificial data and
to the Sunspot data.

A simple model for a harmonic time series is
y; = Csin(wt; + @) + ¢  fori=1,...,n, (3)

where C,w and ¢ are constants representing the amplitude, angular frequency and phase
of the wave respectively. The ¢; terms represent some i.i.d. Normal noise function with a
variance o2,

Two of the parameters of this model, w and ¢, are within the sine function and it is
difficult to draw inference on them due to the high level of non-linearity. The problem
can be resolved somewhat using the trigonometric identity sin(X + YY) = sin(X) cos(Y') +

cos(X) sin(Y) to re-express the model as
y; = Asin(wt;) + Bcos(wt;) + € fori =1,...,n,

where A = C'cos(¢) and B = C'sin(¢). This model has two linear parameters, A and
B and one non-linear parameter, w, instead of two non-linear parameters and one linear

parameter so should be somewhat easier to work with.
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2.6.1 Angular Frequency Known

Assuming that the values of w and o? are fixed and known it is possible to find a conjugate
T T

prior for A = (A B> . The likelihood of data y = <y1 yn> is normal and analo-

gously to the earlier case a conjugate prior is the normal distribution. To make the proof

of this clear, some notation is first defined

T

s = (sin(wtl) sin(wtn)) ;

T

c= (cos(wtl) cos(wtn)> ;

T
D=(s ¢c)and A= (4 B) .

The likelihood of the i.i.d sample y will then be

y’A7w7 02 ~ Nn <<S C) A7 U2[n><n) ) (4)

and as the conjugate prior is normal, it can be written in its simplest form (assuming a

zero mean and equal variance 7 on both random variables and independence) as

A ~ NQ(O, Tglgxg)
€ ~ Nu(0,02%1,x1).

By the properties of conjugacy the posterior distribution will also be a bivariate normal,
Aly,w,0? ~ Ny(p, V), whose mean vector p and covariance matrix V' must be identified.
It is possible to determine p and V' by considering only the exponentiated part of the

posterior distribution which is
Z=—5 |5y~ DA)'(y - DA) + 5ATA|,

by removing a factor of —%, expanding and gathering like terms this can be re-expressed

as
T T
YY + ATS 1A -2 DA

_ T I . L . : :
where X7 = DJ—QD + “25%. As this expression is in a quadratic form, the covariance matrix
0

-1
V = Cov(Aly,w,0?) can be identified by inspection as ¥ = [DUTQD + Ii—;f} :

To find the mean, a property of the normal distribution is used: because of the symme-
try in its density function, the mean of a normal distribution is also its mode. This means

that p can be identified by differentiation. Now,
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A2 = 0+25'A - 2Dy,

Setting this expression equal to zero allows the mode A= %EDTy to be identified. So in

summary, the posterior distribution is
Aly,w,0% 73 ~ No(5XDTy, 5).

To apply the changepoint algorithm in the conjugate prior based form however, the
posterior predictive distribution is required. The new observation y = (s c )A + € that this
distribution aims to predict is a linear transformation of A, so will also be normally dis-
tributed. Its exact parameters can then be identified simply by evaluating the expectation
and variance of g, saving an unpleasant integration. The posterior predictive distribution

is found to be

Jly,w, o, 7‘3 ~ N <DE[2)T‘Y, DYDT + 02>,

[oa

where D = (sin(wf) cos(wf)), and where £ is the time at which observation ¢ occurs.

The algorithm is then implemented in entirely the same way as described in Section 2.4
except using the univariate normal distribution given above to calculate posterior predictive
probabilities. In Section 3.3.1 the use of this algorithm is illustrated for artificial data and
in Section 3.4 the results from its use on the Sunspot data are given.

2.6.2 Angular Frequency Unknown

When it cannot be assumed that w is known a mixed conjugate prior and MCMC based
approach should be used. The desired posterior predictive distribution is then no longer

conditioned on w. The posterior predictive distribution is then

p(lg|y7 0-27 TO27 At)7

where At is the time lag between the (equally-spaced) data points. It can be manipulated

into integral form below by marginalisation and an application of the product rule
plaly. o780 = [ plg.wly. 0", At
:/p(gj‘y’w’aQ,Tg,At)p(w’y,O'z,TOQ,At)dw.
This integral can then be approximated by Monte Carlo integration
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2

Jply,w, 0?73, At)p(wly, 0%, 75, At)dw ~ p(gly, w?, 0?73, At),

M=

1
M ¢
=1

where w = {w® ..., w™)} is a set of M Metropolis-Hastings draws from p(w|y, 02, 72, At),
the posterior distribution on w.

The posterior distribution on w can be found by a marginalisation of the joint posterior
on w and A, which is a combination of the likelihood of the data and the priors on w and
A. The likelihood remains the same n-dimensional normal distribution (4) from Section
2.6.1., similarly the prior on A remains the bivariate normal prior NQ(O,T(?TQXQ). For
w, a uniform prior is used w ~ U(0, £7) where £; is the Nyquist frequency (Grenander,
1959). The Nyquist frequency is chosen as the upper limit of this prior to avoid issues of
identifiability due to aliasing.

As the prior on w is uniform the exponential part of the joint posterior (multiplied by
a factor of —2) will still be

Z = iQ(y — DA)"(y — DA) + %ATA
o 75
yT

y 2
o2 2

yI'DA + ATS 1A
g

as in Section 2.6.1. Tt also therefore remains the case that A = §2DTy.
By inspection

Z = constant + (A — A)TE_I(A —A)

— constant + ATS'A —2ATS A + ATS AL

Then, by equating coefficients of this expression and the previous expression for Z it is
clear that

YUTQY = constant + ATYS 1A = constant = 3;T—2y — ATY A,

Thus the joint posterior distribution (up to a constant of proportionality can be found
o o ~ T o
p(A, wly, o2, 78, At) oc exp(—1(LF — ATS'A)) exp(—3(A — A) Z71(A — A)).

A only occurs in the second term which is Bivariate normal in A. The normalising con-
stant of this Bivariate normal will be W, so when the marginalisation is performed
and the second exponential term is integrated out a 2 (det(3))"? term will remain.
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The marginal posterior on w then satisfies

T

1~ N
p(wly, 02, 72) o exp(3=) exp(QATE*IA)QW(det(E))I/Q
g

14 o
x exp(éATZ_lA)QW(det(E))l/Z.

As this distribution is being used in a Metropolis-Hastings algorithm it is sufficient to only
know its form up to a constant of proportionality.

With the posterior identified, the mixed algorithm can be implemented in a similar
fashion to the algorithm described in Section 2.5 using Monte Carlo integration to calculate
the predictive probabilities. Section 3.3.2 shows the use of this mixed algorithm on artificial

data and 3.4 gives the results of its application to the Sunspot data.

2.7 Pre-processing of Sunspot Data

Although an algorithm for handling data from a simple harmonic model (3) has now been
developed, the raw sunspot data as shown in Figure 1.1 do not resemble data generated from
this model very strongly. Model fitting issues could create problems with the algorithm
as the assumption of a particular likelihood family is key. Therefore before applying the
algorithms of Section 2.6 to the sunspot data some pre-processing was performed.

Firstly smoothed monthly figures from each year were averaged to give smoothed yearly
figures for the years 1750 to 2013, a total of 264 observations. This was done because using
the full set of monthly observations from this time period would result in a computationally
intensive algorithm. The only other way to counteract this and make the algorithm more
efficient would be to use fewer iterations in the Metropolis-Hastings steps which would
reduce the accuracy of the Monte Carlo integration.

A square root transformation was also applied to the data to smooth out the peaks and
troughs, making the pattern of the data more closely resemble a sine wave. The minimum
of the transformed data was then subtracted from every observation to bring the minima
of the waves down to zero (approximately). The choice of a square root transformation is
justified because it is intuitive within the context of the underlying physics. Sunspots are
a representation of the energy in the magnetic field which is related to the square of this
field. Taking the square root is therefore trying to construct something proportional to the

magnetic field, the physical quantity which bears significance (Macaulay, 1992).
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Finally, every second cycle was inverted, by changing the signs of observations. This
created a 22 year cycle centred on zero which would more closely resemble a sine wave
than the 11 year cycle did. This transformation was deemed valid because as described in
(Macaulay, 1992) a 22 year cycle is often considered to exist in sunspot numbers because
every second 11 year cycle is generated by electromagnetic activity of opposite polarity.

These modifications go some way to manipulating the data into the form of data from
the simple harmonic model. The full set of pre-processed data is plotted in Section 3.4,

where the results of applying both the algorithms from Section 2.6 to these data are given.
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3 Results

3.1 Replicating Adams and MacKay’s Algorithm
3.1.1 Gaussian Data with Unknown Mean and Known Variance

The algorithm as described in Section 2.2.1 was applied to the data plotted in Figure 2.1.
The 70 data points were generated from a normal distribution with fixed variance 0% = 1
and changing mean 6, which took values 3, —3, 0 and 3 in the intervals [1, 15], [16, 35], [36, 50]
and [51, 70] respectively. The red dashed lines in the run length plot in Figure 2.2 therefore
represent the changepoints that the algorithm aims to detect. The algorithm was imple-
mented with the hazard function parameter A = 18 and the hyperparameters of the prior
distribution chosen as o = 0 and 7¢ = 10.

The heat map plotted in Figure 3.1 represents the values of the run length distribution
P(r; = j|x1.). The probability mass associated with each potential run length at each time
point is represented by the darkness of the cell, with darker shades of grey corresponding
to a higher probability mass. A logarithmic grey scale has been used to make differences
more apparent. The changepoints are again indicated by dashed red lines.

If the algorithm is working correctly, between changepoints the estimated most likely
run length value (indicated by the darkest cell) should increase by 1 at each time point.
After a changepoint happens the estimated most likely run length value should quickly
drop to one much nearer zero and start increasing again from this point.

The results in Figure 3.1 indicate that the algorithm is working well, as the correct
behaviour described above is being displayed. The position of the darkest cell is increasing
linearly in time until changepoints are observed when there is a noticeable drop, illustrated
by the triangular patterns in the heat map. Checking against the positions of the red
dashed lines it can be seen that the algorithm correctly detects all changepoints and does
not falsely report any others.

A point to note is that the algorithm does better at detecting the first changepoint
(where 0 changes by 6) than the second and third changepoints (where 6 only changes by
3). The better quality of detection is shown through a more pronounced differentiation
in shade. The result that a larger abrupt change is more easily detected continues to be
observed in other examples.

Using a heat map also allows the full run length distribution to be seen, rather than
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Figure 3.1: Posterior run length distribution at each time step for the changepoint data in
Figure 2.1 as estimated by the conjugate prior based algorithm. A logarithmic grey scale
is used with darker cells indicating higher probability. Dashed red lines indicate the true

changepoints.

just the point estimate of the most likely value. This allows its other features, such as the
fact that immediately after a changepoint, run length values corresponding to a growth are
still more likely than those values that are lower but not so low that they correspond to a
changepoint and how these run length values corresponding to growth gradually decay as
more observations generated from the new mean are observed.

It is also a useful tool when analysing data with more complicated likelihoods or where
the changepoints are not as pronounced. In these situations it may be more difficult for the
algorithm to perform well and the estimated most likely run length value may not be the
right one, but the second or third most likely may be; it may also be that the probability
masses assigned to these and the most likely value are very similar, so considering only the
point estimate would not show this whereas looking at the full distribution would make it
clearer. As always, the full Bayesian posterior captures the uncertainty of the inference in
rich detail.
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3.1.2 Gaussian Data with Known Mean and Unknown Variance

Figure 3.2 displays 500 data generated from a normal distribution with fixed mean ¢ = 0.
The variance changed at the locations marked by the red lines, taking the values 4, 1, 4, and
1 in the intervals [1,150], [151,240], [241, 440] and [441, 500] respectively. The algorithm
as described in Section 2.4.2 was applied to these data with hazard function parameter
A = 125 and prior hyperparameters oy = 3 and [y = 0.5. Figure 3.3 shows the heat map
illustrating the results.

Examining the estimated run length distribution shown in Figure 3.3, it can be said
that the changepoints are picked out successfully again. However this detection is done
with less confidence than in the first example. This reduced confidence is indicated by a
lower degree of differentiation in shade between different possible run lengths immediately
after changepoints.

An explanation for this is that in this situation the algorithm is attempting to detect
changes in variance, not in a mean. When the variance parameter changes, the most likely
values continue to be in much the same region and the changepoint cannot be detected
until the algorithm notices values are more (or less) tightly clustered and there is different
behaviour at the extremes. When the mean parameter changes on the other hand the
region of most likely values shifts too, so it is more likely to see an obviously different
pattern of observations at a low run length. Since it is easier to notice the effects of a mean
parameter change, than a variance parameter change, the algorithm is able to make the

detection with more confidence in the first example.

3.1.3 Gaussian Data with Unknown Mean and Unknown Variance

In Figure 3.4, 200 observations are shown. These observations were generated from a
normal distribution with changing mean 6 and variance o2. In this example, § takes the
values 3,3, —5, and —5 and o2 takes the values 1, 4, 2, and 0.1, respectively, in the intervals
[1,50], [51, 100], [101, 150] and [151,200]. The algorithm as described in Section 2.4.3 was
applied to these data with hazard function parameter A = 50 and hyperparameters oy =
3,60 =1,u9 =0 and ko = 1. Figure 3.5 gives the heat map illustrating the results.
Figure 3.5 shows that again the three changepoints are detected. However in this case
the detection of the first and third changepoints is by no means confident - for some time

after the true changepoints the probability densities associated with the run lengths cor-
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Figure 3.2: 500 observations of Gaussian changepoint data with known, fixed mean 6 and
changing variance. Circles represent observations and dashed red lines indicate change-

points
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Figure 3.3: Posterior run length distribution at each time step for the changepoint data in
Figure 3.2 as estimated by the conjugate prior based algorithm. A logarithmic grey scale
is used with darker cells indicating higher probability. Dashed red lines indicate the true

changepoints.

31



1 o 1 1
! o o | 1
1 1 1
o o]
] o o OI 1
| o
o © o .
o o 1 oy 0o é'? - -- changepoint
& ° 1o® o
° o %, \ o o o
ooo(b & 00 °Paw °o o |
0% o0 g @ o ° éz}" Oépo o 1 1
Q oo 000 OOI ° ° | |
| o | |
o]
1 o] 1 1
o - ° 1o © 01 |
< o ) ) )
1 1 1
(3] ° o o, 1
] ] o° o ]
| ° ° v © 00 ° o ]
1 o o 0%
i ! e e e
! bo * @, ° o
! o 60 & 045 o0 O
' ' '
' ' ° '
| | @
o ' ' '
— 1 1 o 1
| il ' 1
T T T T T
0 50 100 150 200
Time

Figure 3.4: 200 observations of Gaussian changepoint data with changing mean and vari-

ance. Circles represent observations and dashed red lines indicate changepoints.

responding to these correct changepoints is lower than the probability densities associated
with a continued growth. The probability densities associated with continued growth also
decay much more slowly than in other examples meaning that the hypothesis that there
were no changepoints at times 50 and 150 is still reasonable based on this output. The
changepoint at time 100 is detected with much more confidence however. This is the only
changepoint at which the mean parameter also changes and this difference in detection
power again underlines how the effectiveness of the algorithm is strongly dependent on
how extreme the change is and which parameters are changing.

This example again illustrates the value in plotting the full run length distribution. If
only the run lengths estimated to be most likely by the algorithm were plotted, as can
be seen in Figure 3.6, the output is jagged and somewhat confusing. The changepoints
are all detected later by this approach and indeed if there were only 160 observations, the
final changepoint would not be recognised at all. When the full run length distribution is
plotted it highlights the correct run length as a likely value much sooner and shows how

the two possible run lengths have a very similar probability density assigned to them.
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Figure 3.5: Posterior run length distribution at each time step for the changepoint data in
Figure 3.4 as estimated by the conjugate prior based algorithm. A logarithmic grey scale
is used with darker cells indicating higher probability. Dashed red lines indicate the true

changepoints in at least one parameter.

3.1.4 Real Datasets

As described in Section 2.4.4, Adams & MacKay (2007) applied their algorithm to three real
data sets. This section describes the results of doing the same with the algorithm developed
to replicate theirs. The first data set, of nuclear magnetic responses from underground rocks
obtained while drilling the Earth’s crust, is shown in Figure 3.7. The changepoints caused
by shifts in the underlying signal are very obvious to the eye in this case, which will make
it easy to check that the algorithm is working.

To emulate Adams and MacKay’s work the algorithm as described in Section 2.4.1 was
applied to the data with 2 = 2,000,000, A = 250 and prior hyperparameters ;o = 115, 000
and 77 = 1,000, 000. Figure 3.8 displays the heat map of the run length distribution and in
this case the changepoints are very obvious because of the triangular pattern. Comparison
can be made to the time series in Figure 3.7 and it can be seen that the positions of
changepoints detected by the algorithm do match up with those in the time series.

Adams and MacKay only publish the posterior distribution for an 1100-datum subset
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Figure 3.6: Most probable run length at each time step as estimated by the posterior run
length distribution for the changepoint data in Figure 3.4. The black line is interpolated

between estimates at integer times and dashed red lines indicate the true changepoints.

(between observations 1600 and 2700) but a quick comparison of their Figure and Figure
3.8 shows that the changepoints are detected at the same locations, with similar confidence.

The second dataset considered consisted of 753 daily returns on the Dow Jones between
5th July 1972 and 30th June 1975. The algorithm as described in 2.4.2 was applied to
the data in the hope of detecting changepoints that would correspond to certain political
events. Figure 3.9 displays a plot of the data against time.

The algorithm was applied with § = 0, A = 250 (where A refers to the hazard function
parameter here rather than the precision). Prior hyperparameters for the Gamma prior
were chosen as ag = 1 and Sy = 0.0001. Figure 3.10 displays the heat map of the posterior
run length distribution generated by the algorithm with three times corresponding to major
political events highlighted. A indicates the 30th January 1973 when three of President
Nixon’s former aides were convicted, B indicates the 19th October 1973 when the OPEC
oil embargo began and C indicates the 9th August 1974 when President Nixon resigned.

Figure 3.10 shows that the results are lacking in confidence - indicated by low differ-
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Figure 3.7: 4050 measurements of Nuclear Magnetic Response obtained during the drilling

of a well, plotted against Time.
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Figure 3.8: Posterior run length distribution at each time step for the Nuclear Magnetic
Response data as estimated by the conjugate prior based algorithm. A logarithmic grey

scale is used with darker cells indicating higher probability.

entiation in shade between 'probable’ run length and 'improbable’ run lengths. This is to
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Figure 3.9: Daily returns on the Dow Jones Industrial Average, plotted as circles against

Time.

be expected however as in this example, the algorithm is attempting to detect variance
changes. It does seem to have detected three distinct changepoints around the times of the
events A, B and C. B is the most pronounced changepoint on the heat map - indicated by
the greater differentiation in shade shortly after it and the heat map suggests if there was
a changepoint around time A, it may have actually happened slightly before the conviction
- perhaps the market reacting to a revelation during the trial, or something else entirely.
There may also be other more subtle changepoints present, for instance there seems to be
another distinct run starting a few months after time C.

Again, when the results in Figure 3.10 are compared with those provided in Adams and
MacKay’s report the results are very similar. This is a good indication that the algorithm
developed in this project is a correct replicate of their’s.

The third and final dataset consisted of 184 waiting times, measured in weeks, between
coal mine explosions resulting in more than 10 fatalities between the years 1851 and 1962.
Figure 3.11 displays a plot of these data.

The conjugate prior based algorithm was applied with ag = Sy = 1 and A = 100. Figure
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Figure 3.10: Posterior run length distribution at each time step for the daily returns on
the Dow Jones Industrial Average as estimated by the conjugate prior based algorithm. A
logarithmic colour scale is used with darker cells indicating higher probability. Labels A,
B and C refer to the dates of major political events. A: 30th January 1973 - when three of
President Nixon’s aides were convicted of conspiracy, burglary and wiretapping. B: 19th
October 1973 - when OPEC oil embargo began. C: 9th August 1974 - when President

Nixon resigned.

3.12 displays the heat map of the posterior run length distribution obtained. There is a
clear changepoint at time 127 - corresponding to the waiting time between weeks 2354 and
2526. Adams and MacKay plot their posterior run length distribution in terms of weeks

but seem to detect a distinct changepoint at a similar time.

3.2 Introducing Markov Chain Monte Carlo Steps

In order to test the Markov Chain Monte Carlo based changepoint detection algorithm as
proposed in Section 2.5 it was applied to the data displayed in Figure 2.1. The aim was
to see whether the MCMC based algorithm could replicate the results of the conjugate
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Figure 3.11: Waiting times in weeks between coal mine explosions resulting in more than
10 fatalities between 1851 and 1962.

prior based algorithm. For this reason the values of prior hyperparameters and the hazard
function were kept the same (up = 0,72 = 10, and A = 18). The Metropolis-Hastings
steps were performed using a normal proposal density, centred on the current state of the
chain with variance 4% = 4, to find M = 10,000 posterior samples of the mean . All
M-H chains were initialised with #Y) = 3. A burn-in of 1,000 iterations was removed, so
selected because the chain appeared to have converged a suitably long time before the
1,000th iteration.

The results from applying the conjugate prior based algorithm are shown in Figure 3.2.

Figure 3.13 shows a heat map of the posterior run length distribution as generated
by the MCMC based algorithm. The results show how, like the conjugate prior based
algorithm, the MCMC based algorithm successfully picks out all the changepoints. The
main result from this analysis is that the MCMC based algorithm produces comparable
results to those from the conjugate prior based algorithm. Checks were made with several
other datasets and similar results suggested that the MCMC based algorithm regularly
provides an adequate approximation to Adams & MacKay (2007)’s approach.
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Figure 3.12: Posterior run length distribution at each time step for the coal mine disaster
waiting times as estimated by the conjugate prior based algorithm. A logarithmic colour

scale is used with darker cells indicating higher probability.

3.3 Harmonic Data

In this section the results of applying the algorithms for harmonic data with both known
and unknown angular frequency are given. These algorithms will be applied to the sunspot
data in Section 3.4.

3.3.1 Angular Frequency Known

2 are assumed to be

When the angular frequency w and the variance of the noise term o
known a conjugate prior based approach can be used to analyse data modelled by the
simple harmonic model (3) given in Section 2.6. In this section, the conjugate prior based
algorithm described in Section 2.6.1 is applied to artificial data generated from the simple
harmonic model.

The artificial data was purposely generated from the simple harmonic model to resemble

features of the sunspot data and are plotted in Figure 3.14. Each observation y; is a
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Figure 3.13: Posterior run length distribution at each time step for the changepoint data
in Figure 2.1 as estimated by the MCMC prior based algorithm. A logarithmic grey scale
is used with darker cells indicating higher probability. Dashed red lines indicate the true

changepoints.

realisation of a random variable Y; ~ N(C'sin(wt; + ¢),0?) There are 300 observations

2T

55> equivalent

generated with fixed error variance 02 = 1 and fixed angular frequency w =
to a 22 time unit cycle. This angular frequency is chosen to emulate the 22 year cycle of
pre-processed sunspot numbers.

The dataset is constructed so that changepoints occur at time 60 and time 90. At time
60 the amplitude parameter C' changes from 13 to 6 and the phase parameter ¢ changes
from 4 to 1.5. At time 90 the amplitude parameter reverts to 13 and the phase parameter
also returns to its original value 4. The parameters A and B therefore take the values
13 cos(4),6 cos(3/2) and 13 cos(4), and 13sin(4),6sin(3/2) and 13sin(4) respectively.

The conjugate prior based algorithm for data with a harmonic model is implemented
with a hazard function parameter A = 100 and hyperparameters py = 0 and 7 = 9 on the
bivariate normal prior described in Section 2.6.1. Figure 3.15 displays the heat map of the

posterior run length distribution generated by the algorithm with the true changepoints
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Figure 3.14: 300 observations of harmonic changepoint data with changing amplitude and
phase and known, fixed, error variance and angular frequency. Circles represent observa-

tions and dashed red lines indicate changepoints.

highlighted once again by vertical red dashed lines.

It is very obvious from the triangular patterns in the heat map that the changepoints
are detected with a good degree of confidence. This result provides evidence some that
the algorithm described in 2.6.1 is suitable for detecting the changepoints in harmonic
changepoint data that can be modelled by the simple harmonic model (3) in the special
case when the frequency is known a priori. If the sunspot data belongs to the class of
harmonic changepoint data which can be modelled well by this simple harmonic model
then it would be hoped that the algorithm could detect changepoints in it. In Section 3.4
the results of applying the algorithm to the sunspot data are provided and discussed.

3.3.2 Angular Frequency Unknown

When it is not assumed that the angular frequency w is known, a mixed algorithm which
uses both MCMC and conjugate prior based steps can be used as described in Section

2.6.2. In this section, the algorithm from Section 2.6.2 is tested by applying it to artificial
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Figure 3.15: Posterior run length distribution at each time step for the changepoint data
in Figure 3.14 as estimated by the conjugate prior based algorithm. A logarithmic grey
scale is used with darker cells indicating higher probability. Dashed red lines indicate the

true changepoints.

data.

The dataset used in this section consists of 40 observations and is plotted in Figure
3.16. The values of C,¢ and o2 are fixed as 13, 4 and 1 respectively. Over the interval
[1,20], w = % and then over the interval [21,40], w = %’r; so that the only parameter
changing at the changepoint is the angular frequency w - a change which the MCMC steps
are needed to detect.

The algorithm as described in Section 2.6.2 was then implemented on this artificial data
using the same prior assumptions as in Section 3.3.1, that is, a hazard function parameter
of A = 20, and prior hyperparameters 1o = 0 and 72 = 9 and the additional assumption of
a uniform prior on w. A normal distribution centred on the current state of the chain with
variance 72 = 0.01 was used for the Metropolis-Hastings steps, initialised with w® = 0.3

for all chains. M = 1000 iterations were used to calculate each predictive probability, with

a burn-in of 100 observations being removed. Ideally, a larger number of iterations would
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Figure 3.16: 40 observations of harmonic changepoint data with changing angular fre-
quency, and known, fixed, amplitude, phase and variance. Circles represent observations

and dashed red lines indicate changepoints.
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Figure 3.17: Posterior run length distribution at each time step for the changepoint data
in Figure 3.16 as estimated by the mixed algorithm. A logarithmic grey scale is used with
darker cells indicating higher probability. Dashed red lines indicate the true changepoints.
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be used to give a more accurate approximation in the Monte Carlo integration. The values
selected were sufficient in this case, however, to illustrate the working algorithm.

Figure 3.17 shows the heat map of the posterior run length distribution generated by
running the mixed algorithm on these artificial data. It is very clear from the figure that
the changepoint is detected at the correct point, as the position of the darkest cells drops

almost immediately after the dashed red line indicating the change.

3.4 Sunspot Data

This final section of results gives the results of applying the two harmonic data algorithms

from Section 2.6 to the sunspot data pre-processed as described in Section 2.7.
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Figure 3.18: 264 pre-processed smoothed yearly average values of Wolf’s Sunspot Index,
between the years 1750 and 2013. The data are plotted as circles and were pre-processed

as described in Section 2.7.

Figure 3.18 shows the pre-processed sunspot data. The Great Solar Anomaly region
from 1790-1830 still appears to be a region of inhomogeneity.
Firstly, the conjugate prior based algorithm was applied to the data with the assumed
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Figure 3.19: Posterior run length distribution at each time step for the pre-processed
sunspot data in Figure 3.18 as estimated by the conjugate prior based algorithm. A
logarithmic grey scale is used with darker cells indicating higher probability.
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Figure 3.20: Posterior run length distribution at each time step for the pre-processed
sunspot data in Figure 3.18 as estimated by the mixed algorithm. A logarithmic grey scale

is used with darker cells indicating higher probability.
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used in the algorithm with parameters jio = 0 and 78 = 9. The hazard function parameter

fixed values w = 2% and 02 = 1. As described in Section 2.6.1 a bivariate normal prior was
A was set at 100. The heat map of the posterior run length distribution is shown in Figure
3.19.

The results presented are not entirely clear in this case, and as such are open to some
interpretation. The smallest dark triangles along the bottom of the graph suggest that
with every new cycle a changepoint seems possible, with runs then seeming to persist at
least until the start of the next cycle. Some runs however seem to persist beyond this
and it would seem in particular that there is quite a clear run over the region 1790-1830.
This is the Great Solar Anomaly region and suggests that there may be changepoints both
around 1790 and around 1830. After this point there seems to be a longer run from 1830-
1950 although there is less clarity in the results after this region with seemingly feasible
runs starting from 1910 and 1930. It is difficult to say with any certainty where the next
changepoint after the 1830 one occurs.

The mixed MCMC and conjugate prior based algorithm was next implemented as
described in Section 2.6.2. Again, the assumption was made of a known error variance
0? = 1. The same prior assumptions were also made: o = 0,72 = 9 and A = 100. As each
step involves the calculation of various matrix products, inverses and determinants, using
matrices which become larger with each iteration of the algorithm, a less than desirable
number of iterations was again used for the Monte Carlo integrations. The number of
iterations M was chosen as 500 with a burn-in of 100 observations being removed from
the start of each chain. Trace plots did not rule out the hypothesis that the chains had
converged within this time, but nevertheless it was less than ideal. As with the artificial
example, all of the chains were initialised with w® = 0.3 and a normal proposal distribution
centred on the current state of the chain with variance 42 = 0.01 was used. A small variance
was chosen because Macaulay (1992) suggests that the distribution M-H samples are being
drawn from is very sharply peaked.

Figure 3.20 shows the heat map of the posterior run length distribution generated by the
mixed algorithm. It is largely similar to the distribution produced by the conjugate prior
based algorithm. As Figure 3.20 does not detect any changepoints that are not detected
in Figure 3.19 it suggests that either there are no changepoints in the parameter w or that
if there are they are too subtle to be detected by the algorithm with this selection of prior

parameters.
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4 Discussion

This project has been concerned with the Bayesian and online detection of changepoints.
Work has centred on the replication and generalisation of Adams & MacKay (2007)’s
conjugate prior based changepoint detection algorithm. Applying the algorithm to various
datasets, real and artificial, showed that it can detect changes in a variety of parameters
but some changepoints are detected with more or less confidence depending on the features
of the surrounding observations.

Adams and MacKay’s algorithm can be praised for its efficiency, accuracy and structure
which allows code to be altered for different exponential family distributions quickly and
easily. A criticism however was that the algorithm was not appropriate for data modelled
by a likelihood who lacks a conjugate prior distribution.

This project has further developed Adams and MacKay’s algorithm with the introduc-
tion of MCMUC steps in place of conjugate prior dependent steps. Doing so has broadened
the scope of the algorithm, allowing it to be used for a greater range of models and ulti-
mately increasing its value as an online signal processing tool.

Two algorithms were developed to be applied to data from a simple harmonic model (3):
one based on Adams and MacKay’s algorithm, which was appropriate when the angular
frequency and error variance of the model could be assumed to be known, and a second
which combined elements of the conjugate prior and MCMC approaches and only required
the error variance to be known. Both algorithms were applied to artificial changepoint
data and found to accurately detect changepoints.

Finally, these two algorithms were applied to a pre-processed set of Sunspot Index
data with the intention of detecting changepoints. The various pre-processing steps were
undertaken to make the Sunspot Index data more similar to the data for which the two
algorithms had been specifically designed, however, every step that was taken could be
justified in the context of the underlying magnetohydrodynamic activity. Both algorithms
presented some evidence of changepoints around the years 1790 and 1830, but no clear
indication as to the location of any other changepoints, although the low probability of
large run lengths over the last 50-100 years suggests that some sort of parameter change
must have occurred somewhere.

The aims of this project, as laid out in Section 1 have been met successfully. There are

however, a number of areas for improvement, further thought, and further work. Principally
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some discussion should be given as to why more clear cut results could not be obtained
when the algorithms were applied to the Sunspot Index data:

Having demonstrated that both the conjugate prior and MCMC based algorithms work
for artificial data suggests that the theory is watertight and both algorithms are effective.
Assuming that this is the case, two main explanations as to why the algorithm did not
detect changepoints more confidently in the sunspot dataset remain: either the model
used does not adequately fit the data, and as a result the algorithm is inappropriate, or
the dataset does not contain true changepoints.

In the writer’s opinion the mostly likely case is that both of these explanations are
in part true. The underlying physics with which one might attempt to explain the full
complexities of patterns in solar activity are not at all trivial; consisting of highly non-
linear partial differential equations derived from magnetohydrodynamics. As a result it has
been rather optimistic to expect a simple model based on a single trigonometric function
to accurately capture the features of the dataset.

Individual cycles have been studied extensively by astrophysicists and all have their
own characteristics (Clette et al., 2014). As a result when a simple likelihood model is
used, it may be the case that the algorithm will see an 'extreme’ observation with low
predictive probability and incorrectly detect a changepoint. When in fact there is not a
true changepoint at that time but a model fit issue. If this is what is happening it may
explain the large number of detected changepoints and their positioning at similar points
within each cycle.

Another issue which comes under the umbrella of model fitting issues is the consistent
assumption that o? was known. This is not the case and its value is likely important.
Improvement could be made to the algorithm by placing an Inverse-Gamma conjugate
prior on o2 to capture the uncertainty.

As well as using a more complex likelihood function, and removing assumptions of
known parameter values the algorithm’s performance could likely be improved by increas-
ing the number of iterations, M, at the M-H steps. In the final example only 500 were
used because of the complexity of the algorithm. In a situation with more computing
time available, a larger number of iterations could provide more accurate calculation of
predictive probabilities and as a result more reliable inference. Formal tests should also
be undertaken to assess the robustness of priors - whether the algorithm still works with

different hyperparameter choices - and assess non-convergence in the M-H steps. A test on
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a Gelman-Rubin statistic could be used, for instance (Gelman & Rubin, 1992).

A further explanation for the issues may be that true changepoints (abrupt changes in
generative parameters) simply do not exist. It may be the case that underlying parameters
change gradually over a period of time. Clette et al. (2014) suggest that a similar period
of low solar activity, the Maunder Minimum, occurring in the 1600s came about after a
‘progressive decline’” in activity rather than an abrupt change. If this period is typical of
other inhomogeneous regions it could be the case that the changes leading in to certain
periods of low solar activity are simply not abrupt enough to be picked up by the algorithm.
This could be why the algorithm experiences some confusion over detecting changepoints
in the last 100 years. Clette et al. (2014)’s results should, however, be interpreted with
caution as the earlier records of Sunspot Index data (on which their conclusions are based)
are known to be somewhat unreliable (Sonnet, 1983).

All in all, while there is some evidence of changepoints around 1790 and 1830, which
agrees with scientific theory about the Great Solar Anomaly, and while there is some
suggestion that abrupt changes simply do not occur around certain other low activity
regions the main plausible explanation for issues in the detection of changepoints remains
the algorithm itself. Therefore it would be worthwhile to conduct further study using
a larger number of iterations in M-H steps, and perhaps a more complicated likelihood
function but certainly without the assumption of any known parameter values.

With more time it could have been worthwhile to explore more flexibility in some
of the prior assumptions. For instance, particularly in the real data examples, different
assumptions about the hazard function could have been made. As the hazard function
is essentially a representation of the prior belief about the distribution of changepoints,
further research could have been done to find some specialist opinion on the frequency
and patterns of changepoints for each situation and this could have been incorporated
somehow. For example, if it were the case that layers of different types of rock in the
earth’s crust tend to be above a certain thickness, the hazard function could have reflected
this by assuming a changepoint is less likely when run length is small. If it had been
observed that in other financial markets several changes in volatility tended to happen in
quick succession, the hazard function could have been altered to give a higher probability
of a changepoint at low run lengths.

In the case of the Sunspot data however it did seem appropriate to make prior assump-

tions that were as uninformative as possible. While sunspots do occur on other stars, they
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are in this case referred to as starspots, the information available on their numbers and
patterns is limited. Technology has only recently (around the mid 1990s) developed to a
level where accurate records can be kept. This means that scientific opinion on the pattern
of changepoints is mostly based on the very data on which analysis is being performed.
Incorporating some of this information into a more informative prior is akin to using the
information twice and is quite rightly seen as very bad practice within Bayesian statistics.

Finally, both Adams and MacKay’s algorithm and the MCMC based algorithm could
be improved by introducing some more formal means of quantifying the confidence with
which a changepoint is detected. Throughout Adams and MacKay’s report and this project,
changepoints are reported based on a somewhat subjective analysis of a visual representa-
tion of the posterior run length distribution. Some rule could be established so that the
algorithm automatically reports a changepoint when the difference between run lengths
representing a changepoint and growth passes a certain threshold, with the threshold be-
ing defined based on some pre-selected significance level. This more objective approach

would allow for more consistent analysis.
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