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Motivation

• Production of oil/gas can
cause earthquakes.

• Low magnitude events at
shallow depths.

• Similar characteristics at CO2
storage sites.

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●
●
●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●
●

●

●

●

●

●●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●
●

●

●●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●●●●

●

●
●●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●
●

●

●

●

●

●

●

●

●●
●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●
●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●●
●●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●●

●

●●

●

●

●

●

●
●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●
●

●

●
●

●

●

●

●

●

●

●

●●

●

●●

●

●
●●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●
●●
●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●●

●

●
●

●
●
●

●

●

●
●

●

●

●

●
●

●

●

●

●
●●●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●●

●●
●

●

●
●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●
●

●
●

●

●
●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●
●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●●

●

●
●●

●

●

●
●
●●

●

●

●

●

●

●

●
●
●
●●●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●

●●

●

●●

●

●●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●
●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●
●●
●●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●
●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●
●

●

●
●●●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●
●
●
●

●

●

●

●

●

●
●

●

●

●●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●
●

●●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●

●

●
●

●

●

●

●
●●

●

●●

●

●

●

●
●

●

●

●●

●
●

●

●

●

●

●

●

●●
●●

●●

●

●

●

●

●

●

●

●

●●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●
●
●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●

●

●
●

●●

●

●

●

●

●
●

●

●

●

●

●
●

●

●●

●
●

●●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●●

●
●

●
●
●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●
●

●

●

●

●

0

1

2

3

2000 2010 2020
event time

m
ag

ni
tu

de

© Conor Murphy , Jonathan Tawn, Zak Varty, Peter Atkinson, Ross Towe 2



Challenges

• Partial censoring due to
development of geophone
network.

• Network too sparse/insensitive
to detect low magnitude
events.

Threshold stability property:

GPD(σu, ξ) above u ⇒ for v > u,
Y − v|Y > v ∼ GPD(σu + ξ(v− u), ξ)
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Goal:
⇒ Forecast hazards under future

extraction scenarios...
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Constant threshold selection

Why is threshold selection important?

• Parameter estimates

• Quantiles/Return levels

• Uncertainty

Challenge:

⇒ Bias-variance trade-off
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Expected Quantile Discrepancy (EQD)

• Compares the deviation from the line of equality on a QQ-plot across
replications for each threshold.

• Result: A set of metric values corresponding to each proposed threshold.
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Automated methods

• Wadsworth (2016) utilises the asymptotic joint distribution of MLEs:

- Consider ξ̂∗i =
ξ̂i−ξ̂i+1

νi
the standardised increments.

- Main result: (ξ̂∗1 , . . . , ξ̂
∗
k−1)

T → Z where Z ∼ Nk−1(0, 1k−1).
- Changepoint model and likelihood ratio test if ξ̂∗i ∼ N(β, γ).

• Northrop et al. (2017) use leave-one-out cross-validation in a Bayesian
framework:

- Compare predictive ability above v for all u.
- Average inferences over posterior distribution of parameters.
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Simulation study

Examples of simulated datasets:
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Results

Our method Wadsworth* Northrop
Case 1 5.3 41.3 52.7
Case 2 5.5 43.9 54.5
Case 3 7.2 13.7 42.7
Case 4 10.2 38.5 48.9

-> Our method achieves RMSEs between 1.90 and 7.98 times smaller than the
Wadsworth (2016) method, always with lower variance and in 3 out of 4
cases, is the least biased.

Tables have been scaled by a factor of 100
*Results for Wadsworth are calculated only on the samples where a threshold was estimated. The

method failed to estimate a threshold for 2%, 28%, 0.2%, 4% of the simulated datasets in Cases 1-4.
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Quantile estimation

p Our method Wadsworth* Northrop Our method Wadsworth* Northrop
Case 1 Case 2

1/n 5.8 6.1 7.4 6.2 6.2 7.4
1/10n 13.3 14.7 20.8 15.3 15.8 26.4
1/100n 26.2 28.9 52.9 32.2 33.9 93.6

Case 3 Case 4
1/n 2.0 2.0 2.5 7.0 7.7 8.5

1/10n 3.3 3.4 4.8 16.5 19.4 26.6
1/100n 4.9 5.0 8.2 33.3 40.1 84.9

-> Our method achieves smallest RMSEs in all cases again!

Tables have been scaled by a factor of 10
*Results for Wadsworth are calculated only on the samples where a threshold was estimated.The

method failed to estimate a threshold for 2%, 28%, 0.2%, 4% of the simulated datasets in Cases 1-4.
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Uncertainty

⇒ Sample original dataset.

⇒ Estimate threshold for all samples.

⇒ Fit GPD to each sample of excesses of chosen thresholds.

⇒ Generate GPD samples using fitted parameters.

⇒ Refit GPD and obtain summary s(σ̂, ξ̂, λ̂û).
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Applied to Earthquake data

●

●

●

●

●

●

●

1 2 5 10 20 50 100

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

Return Period (Years)

R
et

ur
n  

Le
ve

l (
M

L)

© Conor Murphy , Jonathan Tawn, Zak Varty, Peter Atkinson, Ross Towe 11



Previous work

- Varty et al. (2021) incorporated
time-varying data quality into
threshold.

- Behaviour comes from
changing geophone network.

- Network does not change
uniformly across space!
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Spatio-temporal threshold

- Spatial variability also present.

- Relationship between distance
from geophones and probability of
detection.

u(x, t) = θVgeo(x, t)

Y−u(x, t)|Y > u(x, t) ∼ GPD(σ+ξu(x, t), ξ)
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Vgeo(x, t)
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Exploratory Analysis

Should the underlying parameters Y ∼ GPD(σ, ξ) vary spatially?
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Likelihood ratio tests

Thresholds Models GPD(σ, ξ) GPD(σR, ξ)
u = 1.07 GPD(σR, ξ) 0.000 NA

GPD(σR, ξR) 0.000 0.036 ↑
u = 1.318 GPD(σR, ξ) 0.158 NA

GPD(σR, ξR) 0.357 0.797
(uU, uL) = (1.2,0.876) GPD(σR, ξ) 0.001 NA

GPD(σR, ξR) 0.001 0.064 ↑

⇒ Evidence to suggest GPD scale parameter varies over region.

Next steps:

- Compare above models using appropriate thresholds for all cases... How?
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Further work

Combined threshold & model selection

1. Adjust threshold selection method for all desired models.
2. Transform to common margins and record dmin.
3. Compare dmin and select model which minimises overall EQD.

Spatio-temporal modelling

• Assess variability in GPD parameters with spatio-temporal threshold.
• Utilise relevant covariates for GPD parameters.
• Explore relationship with Vgeo(x, t).
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Thanks for listening!
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Developments from parameter stability plots

• Northrop and Coleman (2014) developed a multiple-threshold GPD model ->
likelihood ratio and score tests to assess stability.
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-> Clearly automated methods are needed!
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Simulation Study

Simulated from two distributions:

F1(x) =

{
x−0.5

3 , 0.5 ≤ x ≤ 1
1
6 + 5

6 [H(x − 1;0.5,0.1)] , x > 1.

F2(x) =

{∫ x
0 h(x;0.5,0.1)P(B < x)dx, 0 ≤ x ≤ 1

q+ (1− q) [H(x − 1;0.5,0.1)] , x > 1.

where q =
∫ 1
0 h(x;0.5,0.1)P(B < x)dx.

True quantiles from the simulated distributions can be calculated as follows:

xp = 1+ σ1

ξ

[(
6p
5

)−ξ

− 1

]
, yp = 1+ σ1

ξ

[(
p

1− q

)−ξ

− 1

]
.
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Simulation study

Breakdown of RMSE:

- Bias and variance of threshold choice for GPD data.

Our method Varty method
n RMSE Bias Variance RMSE Bias Variance

1000 9.4 4.7 0.7 10.7 5.0 0.9
10000 13.2 3.5 1.6 13.3 3.8 1.6
40000 5.8 2.7 0.2 8.1 3.3 0.5

- Bias and variance of quantile estimation for Gaussian data.

Our method Varty method
n RMSE Bias Variance RMSE Bias Variance

1000 72.8 62.6 13.9 79.3 70.3 13.5
10000 38.0 25.2 8.1 42.0 30.5 8.3
40000 23.6 16.6 2.8 24.8 18.1 2.9

Table values have been scaled by a factor of 100
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Results

Our method Wadsworth* Northrop
RMSE Bias Variance RMSE Bias Variance RMSE Bias Variance

Case 1 5.3 3.4 0.2 41.3 15.1 14.8 52.7 25.7 21.1
Case 2 5.5 3.0 0.2 43.9 18.8 15.8 54.5 26.9 22.5
Case 3 7.2 4.6 0.3 13.7 3.9 1.7 42.7 22.9 12.9
Case 4 10.2 6.8 0.6 38.5 7.2 14.3 48.9 15.0 21.7

-> Our method achieves RMSEs between 1.9 and 8 times smaller than the
Wadsworth (2016) method, always with lower variance and in 3 out of 4
cases, is the least biased.

Tables have been scaled by a factor of 100
*Results for Wadsworth are calculated only on the samples where a threshold was estimated. The

method failed to estimate a threshold for 2%, 28%, 0.2%, 4% of the simulated datasets in Cases 1-4.

© Conor Murphy , Jonathan Tawn, Zak Varty, Peter Atkinson, Ross Towe 22



Results

Comparison in cases where Wadsworth (2016) broke down:
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• Small sample of 120
• Same number of thresholds

• Case 3A: ξ = −0.2
• Case 3B: ξ = −0.3

-> Our method achieves accurate results in all cases!
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Gaussian data

Gaussian Case
p Our method Wadsworth* Northrop

1/n 2.1 2.5 2.3
1/10n 4.3 5.4 4.6
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Tables have been scaled by a factor of 10

*Results for Wadsworth are calculated only on the samples where a threshold was estimated. In this
case, the method failed to obtain an estimate for 0.4% of the samples.
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River Nidd
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Algorithm 3: Parameter uncertainty for unknown threshold

Given sample X of size n, obtain threshold choice, fit GPD and obtain point
estimates of quantiles of interest.

Non-parametric Bootstrap: Input (X, n,m2)

For j = 1, . . . ,m2,

1. Obtain sample X̃(b)
j of size n by sampling n times with replacement from X.

2. Run threshold selection on X̃(b)
j and obtain threshold choice ûj and number

of excesses nûj , fit a GPD and obtain required parameters.
Parametric Bootstrap Input (σ̂ûj , ξ̂j, λ̂ûj , nûj ,m1)
For i = 1, . . . ,m1,
(a) Simulate GPD sample of size nûj of excesses with parameters (σ̂ûj , ξ̂j).
(b) Obtain parameter estimates (σ̂(j,i), ξ̂(j,i)) for ith sample and estimate any

quantiles of interest.
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Uncertainty

Goal: Incorporate parameter and threshold uncertainty into our inference.

CIs for the 10-year level:

River Nidd dataset:

A1: (349.9, 2214.0) A3: (279.3, 2225.4)

Ratio(95%) = 1.044.

Simulated Gaussian data:

Ratio(50%) = 1.584, Ratio(90%) = 1.599.
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Uncertainty
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Uncertainty
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River Nidd dataset
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River Nidd dataset
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Further work

Compare against other existing
methods in fixed threshold
selection.

Danielsson et al. (2019):
• Quantile-driven approach.
• Maximum distance between

empirical and model quantiles.

Applied to River Nidd dataset:
⇒ u = 189.02.
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